




















































































































































CHAPTER 4. THE HERMES EXPERIMENT AT HERA

In HERMES two reconstruction methods are used: Indirect Ray Tracing (IRT) and Direct Ray
Tracing (DRT). The RICH PID Scheduler (RPS) combines the best features of both tracing
methods by defining which method should be used. More information about the RICH PID
reconstruction can be found in [Hom03].
Although the reconstruction is not always simple, the RICH detector is certainly a powerful PID
instrument. Furthermore, though the RICH was optimized to provide a good hadron separation,
it is also used, together with the other PID detectors, for the separation of leptons and hadrons.

4.3.4 The trigger system

The trigger system selects events interesting for physics analysis from background events. The
HERMES trigger working principle is rather straightforward: if a combination of signals of
certain detectors are above a predefined threshold, all detector responses are read out.
The first level trigger decision is made within about400 nsec after the event occurred, using
proper combinations of signals from the wire chambers, the calorimeter and three hodoscopes:
H0, H1 andH2. H1 andH2 are located in the back part of the spectrometer (see Figure 4.10)
and consist of 42 paddles of9.3×91×1 cm3 scintillating material, a 25 cm long light-guide and
a PMT at the outer end of each paddle. In particularH2 coincides with the preshower detector
described above. During 1995 only the backward region was used for triggering, leading to a
large background originating from the HERA proton beam. In 1996 the third hodoscope (H0)
was installed in the front region to improve trigger efficiencies.H0 has a different structure than
the other two hodoscopes. It consists of a 3.2 mm thick plastic scintillator plate read out by a
couple of PMTs.
Various first-level triggers are used at HERMES for DIS events, photoproduction events and
for calibration and monitoring of the detectors. The main trigger selects candidates for the
scattered lepton in DIS by requiring coincident signals in the three hodoscopes in one detector
half and a minimum energy deposited in two adjacent calorimeter columns in the same half, all
in coincidence with the HERA beam bunch signal. The thresholdenergy of the calorimeter is
set to 1.4 GeV for data taking with polarized target and 3.5 GeV for the unpolarized target. Only
around 13% of the DIS trigger events have at least one identified lepton and approximately 5%
of the recorded events are identified as DIS events in the offline analysis.
Not all the generated triggers can be accepted by the HERMES Data Acquisition system (DAQ).
Indeed, during the time needed for readout, no new events canbe recorded, resulting in a dead
time of the data acquisition. The dead time is defined as the ratio of trigger requests which had
to be rejected and the total number of readout requests. During standard running the HERMES
DAQ is capable of reading out the detector information at rates up to500 Hz with dead time
below10%.

4.3.5 Luminosity Measurement

In order to do absolute measurements of cross sections and tobe able to compare data set of
different years it is crucial that the luminosity is determined precisely. In general this is done
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4.3. THE HERMES SPECTROMETER

either by counting the number of DIS events in a data set or by using a luminosity monitor
which makes use of a well known physics process. In case of positron beam, the HERMES lu-
minosity monitor is particularly sensitive to Bhabha scattering (e+e− → e+e−) and annihilation
processes (e+e− → γγ) between beam positrons and the shell electrons of the target atoms. For
electron beam the measurable process is Moller scattering (e−e− → e−e−). All these reactions
have small scattering angles and leave both particles with asimilar amount of energy.
The luminosity monitor consists of two small calorimeters,located on both sides of the beam
pipe in the horizontal plane, about7.2 m downstream of the target. The calorimeters consist of
3 × 4 arrays of radiation resistantNaBi(WO4)2 crystals. Each crystal is 20 cm long and has a
cross section of2.2×2.2 cm2. At the back side a PMT is coupled to each crystal for the read out
of the signal. A schematic drawing of the luminosity monitorand its readout scheme is shown
in Figure 4.23.

Figure 4.23: Left: Schematic drawing of the luminosity monitor and its readout scheme. Right: Front
view showing the reconstructed impact points.

Since the luminosity monitor is positioned outside of the standard HERMES acceptance, it
requires its own dedicated trigger in order to select the desired process. Triggering occurs
when signals in both luminosity detector halves exceed a 4.5GeV threshold. The very well
known cross section of the scattering and annihilation processes is integrated and folded with
the detector acceptance and efficiency. From this and the coincidence rate the luminosity can be
determined with an accuracy of∆L/L ≃ 6%. For asymmetry measurements only the relative
luminosity of data with two different spin configurations isrelevant. In this case the uncertainty
is much smaller,∆R/R ≃ 0.9 − 1.5%. In [Ben01] a detailed description of the luminosity
monitor and the contribution of systematic uncertainties to the luminosity measurement is given.

4.3.6 The Data Acquisition and processing

Different time scales are used in the HERMES data acquisitionsystem. The shortest time in-
terval is theevent, containing all reconstructed tracks which are observed when a trigger is
generated. All events recorded within approximately10 sec are grouped into aburst. Bursts are
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CHAPTER 4. THE HERMES EXPERIMENT AT HERA

then combined into arun with a size of about450 MB. Dependent on the luminosity, a run lasts
around10 min. The longest time scale, the fill, is determined by the8 − 12 h storage time of
the HERA lepton beam.
Apart from event-based information, also monitoring and calibration data like information from
the luminosity monitor, the polarimeters, the target, detector temperatures, pressure gauges,
voltage settings, etc. needs to be read out from the various detectors. This so-calledslow con-
trol data is read out once every∼ 10 sec, independently on the triggers from the spectrometer.
After the acceptance of a certain trigger, all detector responses are read out by the Data Ac-
quisition (DAQ) chain according to their ’equipment number’. The DAQ system digitizes the
analog and timing information for an accepted trigger in theADC and TDC modules located in
Fastbus crates. The data from the FastBus crates are bundled by event builder modules and sent
over fast opticals links cluster, where they are stored on staging disks and on data tapes.
All raw data is buffered in Experimental Physics Input Output (EPIO) format on hard disks in
the Linux cluster and backed up regularly on data tapes. After the end of each HERA fill all
collected data is transferred to a taping robot at DESY main site using a Fast Distributed Data
Interface (FDDI).
Information contained in the detector signals like the hit positions, energy depositions, etc., are
determined with the HERMES decoder (HDC) using mapping, geometry and calibration of the
individual detectors. All required information is stored in an ADAMO [Cer93] database. In a
next step the HERMES reconstruction (HRC) program finds tracks in the spectrometer. Using
a timing signal that is written to the event data and slow control data streams, both data streams
can be synchronized. All synchronized data which is useful for physics analyses, is stored in
data summary tables, the so-calledµDST files.
For Monte Carlo data a very similar production chain is applied. Instead of the DAQ and
HDC, a generator of DIS events, GMC, based on LEPTO [Ier97] and JETSET [Sjo95] is used.
The simulation of the detector responses and its material isperformed by HMC, containing
a GEANT3 [Bru84] implementation of all detector components.The Monte Carlo data are
reconstructed and compressed with HRC and theµDST-writer, just like real data, although
some tables for the generated values are added. Further details are given in Section 6.1. The
two chains, for real data and Monte Carlo data, are displayed in Figure 4.24.

Figure 4.24: The HERMES data production chains for detector data (top raw) and for Monte Carlo data
(bottom row).
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Chapter 5

The extraction of the Azimuthal Moments

The Collins and Sivers azimuthal moments, discussed in Chapter 3, have been extracted in
the analysis of the HERMES data collected during the 2002-2005 running period, in which a
transversely polarized hydrogen target was used. To this purpose several checks were applied
in order to ensure a high quality of the data before selectingInclusive and Semi-Inclusive Deep-
Inelastic Scattering events. The yields of the selected events were used to construct a single-spin
asymmetry (SSA) dependent on the two azimuthal anglesφ andφS, as reported in Section 3.7.5.
The Collins and Sivers sine modulations were then extracted in a two-dimensional fit using
two different fit methods: a standard least square fit and an unbinned maximum likelihood fit.
In addition, several tests on the extraction method were performed to estimate the impact of
different sources of systematic errors on the final results.

5.1 The HERMES data productions

The starting point of all the analyses performed at HERMES is represented by the so-called
µDST files, in which the data, after being precessed through the chain described in Section
4.3.6, is stored. TheµDST files are labeled by the last two digits of the corresponding year of
data taking, a letter to indicate the production, and a cypher. In the first production ofµDST
files for a new data taking period (a-production), detector calibrations based on the data of the
preceding period are used. Thea-production allows detailed detector calibrations which serve
as input for a re-production of theµDST files (b-production). In the subsequentc-production,
additional corrections which rely on proper calibrations are taken into account. The cypher,
which completes the production name, is increased for further fast re-productions which do not
require the track reconstruction. Such re-productions areusually carried out when improved
slow control information such as beam or target polarization values becomes available.

The analysis presented here is based on the HERMES full transverse data set, achieved during
the 2002-2005 data taking period, in which a transversely polarized hydrogen target was used.
The data productions used in the present analysis are:02c0, 03c0, 04c0 and05c0.
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CHAPTER 5. THE EXTRACTION OF THE AZIMUTHAL MOMENTS

5.2 Data quality

Since, depending on the argument/type of the analysis, not all the information from the entire
experimental set-up is needed, theµDST files also contain events collected when one or more
detectors were not working properly. The first step of each analysis consists in the selection of
those events for which all needed parts of the experimental set-up were properly operating. All
information about the performance of the detectors, which is stored at theburst level, is com-
bined, by the data-quality group, into the so-calledburst lists. These lists contain bit patterns
of 32 bits for each burst for both detector halves. Each bit corresponds to a certain detector (or
part of the experiment) and is set to “1” if the detector was operating properly and to “0” in
the opposite case. For the present analysis all bits were required to be set to “1”, with the only
exception of the first bit, which requires a beam polarization above20%. This requirement is
left out since the present analysis deals with single spin asymmetries in which only the target
(and not the beam) needs to be polarized. In general, all PMTsare required to work properly.
However, one single PMT, out of all those connected to the calorimeter blocks, is allowed to
be dead in the year 2002, when several failures occurred as a consequence of ageing. This was
shown not to influence the SSAs of charged hadrons in SIDIS [Has03].

The most important data quality requirements are:

- good performance of the PID detectors and the tracking detectors

- good target performances

- reasonable beam current and luminosity

- reasonable luminosity rate(1 Hz ≤ L ≤ 50 Hz)

- DAQ dead time smaller than50 %.

Details about the data quality checks can be found in [Wen03]and on the HERMES data quality
web page [HDQb].

5.3 The event selection

Once the ’good’ bursts of a certain data production are selected according to the data quality
criteria, several requirements have to be imposed at the event level. Indeed, a number of cuts
and constraints have to be applied on the recorded tracks in order to correctly identify Inclusive
and Semi-Inclusive Deep Inelastic Scattering events. The events that pass all requirements
constitute the data set that is used in the physical analysis. In this section the various selection
criteria are discussed in the same order as they are applied in the analysis chain.
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5.3. THE EVENT SELECTION

5.3.1 The geometrical cuts

As a first step, several geometrical cuts are applied in orderto suppress the background and to
exclude those tracks that might be affected by edge effects of the spectrometer. For instance,
the longitudinal vertex coordinatezvertex at which the scattering occurs is restricted to the lon-
gitudinal dimension of the target cell. Furthermore the tracks have to be fully contained within
the effective volume of the spectrometer, the so-calledfiducial volume. Differently from the
charged particles, the photons identification is exclusively based on the calorimeter signal. In
order to avoid transverse shower leakages, which would result in a partial loss of the original
photon energy, photons are required to hit a smaller sectionof the effective calorimeter front
area. All geometric cuts are listed in Table 5.1.

charged particles photons

vertex position −18 cm ≤ zvertex ≤ 18 cm

calorimeter position |xcalo| ≤ 175 cm |xcalo| ≤ 125 cm

30 cm ≤ ycalo ≤ 108 cm 33 cm ≤ ycalo ≤ 105 cm

front field clamp position |xffc| ≤ 31 cm

rear field clamp position |yrfc| ≤ 54 cm

rear clamp position |xrc| ≤ 100 cm

|yrc| ≤ 54 cm

septum plate position |ysp| ≥ 7 cm

Table 5.1: The geometrical cuts applied to the detected charged particles andphotons.

5.3.2 The Particle Identification

Lepton-Hadron discrimination

Combining the responses of the four PID detectors a very good separation between leptons
(electrons and positrons) and hadrons is achievable at HERMES. From the response of the par-
ticle identification detectors it is possible to generate a likelihood function, PID, that is related
to the probability of a particle to be a hadron or a lepton. In particular, given the energyE
deposited in the detector and the momentump of the particle, the issue is to find the probability
P (l(h)|Ep) that the particle is a leptonl or a hadronh. Bayes theorem relates such a probability
to the observable probabilitiesP (l(h)|p) that a particle with momentump is a lepton (hadron),
andP (E|l(h)p) that a lepton (hadron) with a momentump deposits an energyE in the detector:

P (l(h)|Ep) =
P (l(h)|p)P (E|l(h)p)

P (l|p)P (E|lp) + P (h|p)P (E|hp) . (5.1)

The probability distributionsP (E|lp) andP (E|hp), calledparent distributions, can be esti-
mated in a test beam facility by measuring the response of thedetectors to a beam of leptons
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or hadrons. A different approach, which is commonly used at HERMES, consists in measuring
the response of a given PID detector for a certain type of particle which is selected by the other
PID detectors. This method has the advantage of taking into account possible ageing effects
of the detectors. The cuts have to be hard enough to define a clean sample but, at the same
time, have to ensure a reasonable statistics. As a consequence the cut ranges vary for each data
production, being tighter for the productions with higher statistics and less tight for those with
a lower statistics. From the ratio between the probabilities P (l|Ep) andP (h|Ep), defined in
eqn. (5.1), one can define the quantity:

PID ′ = PID − log10 φ , (5.2)

where

PID = log10

P (E|lp)
P (E|hp) (5.3)

and

φ =
φh

φl

=
P (h|p)
P (l|p) . (5.4)

The hadron and lepton fluxesφh andφl are calculated with an iterative procedure. In general
the combinedPID for more then one detectorD is given by:

PID = log10

∏

D

PD(E|lp)
PD(E|hp) =

∑

D

PIDD . (5.5)

The most common PID combinations used in HERMES are:

PID3 = PIDCALO + PIDPRE + PIDCER (5.6)

PID5 = PIDTRD =
6∑

i=1

PIDTRDi
, (5.7)

where ’CALO’, ’ PRE’, ’ CER’ and ’TRD’ stand for the electromagnetic calorimeter, the preshower
detector, thěCerenkov detector and the transition radiation detector, respectively. The sum
in eqn. (5.7) runs over the6 TRD modules per detector half. In1998 the Čerenkov detector
was replaced by the RICH, and the product of the conditional probabilities for gas and aerogel
radiators is used.PID3 andPID5 values are assigned to each detected particle and a cut is
applied on the quantity:

PID′ = PID3 + PID5 − log10 φ = log10

Pl

Ph

, (5.8)

which represents the logarithm of the probability ratio that a given particle is a lepton or a
hadron. By definition, the quantityPID′ is positive if the probability of being a lepton is higher
than that of being a hadron, and negative in the opposite case. This provides a simple way to
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5.3. THE EVENT SELECTION

separate leptons from hadrons (see Figure 5.1). In the analysis reported in this thesis, leptons
and hadrons are identified with the following PID cuts:

PID3 + PID5 − log10φ > 2.0 (leptons) (5.9)

PID3 + PID5 − log10φ < 0.0 (hadrons) . (5.10)
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Figure 5.1: Typical distribution ofPID3 + PID5. The applied PID cuts are also represented.

Charged Hadrons identification

When passing through the two RICH radiators, charged particlesemit a certain pattern of
Čerenkov photons (see, for instance, Figure 4.22), allowingthe separation of the various charged
hadron types (pions, kaons and protons). The photon pattern, which is focused on the PMT ma-
trix by the spherical mirror array, is associated with a track in the spectrometer using an inverse
ray tracing algorithm [Jun00]. Combining all measuredČerenkov angles in a range around the
theoretical expected angle, averageČerenkov angles are computed for the two radiators, aero-
gel (a) and gas (g), for each of the three hadron hypothesis,h = π,K, p. Two likelihoods,La

h

andLg
h, can be calculated and combined to the total likelihoodLtot

h = La
h · Lg

h. The hadron
type hypothesis with the largest total likelihood is assigned to the track. The correctness of the
identification is assured by requiring the condition

Qp = log10

Ltot
h1

Ltot
h2

> 0 , (5.11)

whereh1 andh2 are the most and the second most likely hadron type, respectively. If the
identification algorithm could not find a most probable hadron type, the quality parameterQp is
set to zero.
The efficiency and the contamination degree of the hadron identification are estimated using
a Monte Carlo simulation of the RICH detector. The analysis of the Monte Carlo data allows
the determination of the conditional probabilityP (hid|htrue) that a given hadron of the true
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typehtrue is identified as particle of typehid. The conditional probability is equivalent to the
efficiency of the identification ifhtrue = hid. However, for the interpretation ofP (hid|htrue) as
a contamination in case ofhtrue 6= hid, the relative hadron fluxes must be taken into account.
These conditional probabilities, which depend on the trackmomentum and the topology of the
photon pattern on the PMT matrix, are combined into a matrix [Hom03]

P =




P (πid|πtrue) P (πid|Ktrue) P (πid|ptrue)

P (Kid|πtrue) P (Kid|Ktrue) P (Kid|ptrue)

P (pid|πtrue) P (pid|Ktrue) P (pid|ptrue)


 . (5.12)

TheP-matrix elements are extracted in 1 GeV momentum bins. Furthermore, since the more
tracks are detected in one detector half (top or bottom), thehigher is the probability for patterns
to overlap, theP-matrix elements are extracted separately for one, two and more than two tracks
in a given detector half. The results are plotted in Figure 5.2.

Figure 5.2: TheP-matrix elements as a function of the particle momentum. The plot shows the con-
ditional probabilities that a given hadron of true typehtrue is identified as a pion, kaon, or proton,
respectively. The different symbols represent the different numberof charged particle tracks per detector
half.

The RICH pion identification has a large efficiency and the probability to misidentify a kaon or
a proton as a pion is small over almost the entire momentum range. For kaons the momentum
threshold of the gas radiator is visible as a discontinuity at around 10 GeV.
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TheP-matrix relates the flux of identified hadrons~I = (N id
π , N

id
K , N

id
p ), to the true flux of ’true’

hadrons,~N = (N true
π , N true

K , N true
p ), through the linear relation~I = P · ~N . In order to obtain

the true flux from the measured flux of identified hadrons, theP-matrix has to be inverted:

~N = P−1 · ~I . (5.13)

In the analysis of semi-inclusive events, a weightwi dependent on the identified hadron type is
assigned to each particle track according to the inverseP-matrix. For instance, a track identified
ashid is weighted by(P−1)πtrue,hid

in the true pion count rate and by(P−1)Ktrue,hid
in the true

kaon count rate. The sum of these weights over all tracks withidentified hadron type(hid)i

yields the number of true hadrons

N true
h =

∑

i

(P−1)htrue,(hid)i
=
∑

i

wh,i (5.14)

used in the analysis.

Neutral pions Identification

Due to their short mean life [(8.4 ± 0.6) × 10−17 s → cτ = 25.1 nm], the identification of the
neutral pions is obtained through the detection of pairs of correlated photons, which represent
the dominant decay mode, with a branching ratio of almost 99%. As described in Section
4.3.3, at HERMES the energies and positions of photons are measured by the electromagnetic
calorimeter. The calculation of the photon 4-momentum is then achieved by connecting the
photon position on the calorimeter front to the z-coordinate of the electon/positron scattering
vertex with a straight line. The next step for the identification of the neutral pions consists in the
computation of the invariant massMγγ. For this purpose pairs of photons with energy above 1
GeV are considered. For events with more than two photons (and less than nine), all possible
combinations are taken into account. Events with more than nine photons are considered as
background and rejected in order to limit the combinatorialbackground.
Figure 5.3 shows the invariant mass distribution of all photon pair combinations after applying
the geometrical cuts (see Table 5.1) and the kinematic cuts (see Section 5.3.3). In order to
estimate the mean value and the width of the experimentalπ0 mass distribution as well as
the background/signal ratio, the invariant mass distribution spectrum has been fitted with a
normalized Gaussian plus a modified second order polynomial. The fit results are listed in Table
5.2. The obtainedπ0 mass is reasonably close to the value quoted by the Particle Data Group
(134.29 ± 0.06 MeV) [Yao06]. The5σ deviation is mainly caused by the energy calibration of
the calorimeter and the fact that the position reconstruction of the photons is solely based on the
calorimeter signals. In the data production used in this analysis, the energy calibration of the
calorimeter yielded a constant correction factor for the measured photon energies. An energy
calibration dependent on the signal in the preshower detector, which will improve the resolution
of the calorimeter and, consequently, the reconstruction of theπ0 mass, is currently under study
and not yet implemented in this analysis. The width of the peak reflects the limited resolution
of the calorimeter.
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Figure 5.3: Invariant mass distribution of the photon pairs that have passed the geometric and the kine-
matic cuts. The solid line is a fit of the spectrum obtained using a Gaussian plus amodified second order
polynomial. The latter, which parameterizes the combinatorial background, isalso shown (dotted line).
In order to facilitate the combinatorial background subtraction, the spectrum is divided into three distinct
regions: the signal region (between 0.10 and 0.17 GeV) and the two side bands.

Fit parameters

Mπ0 (mean value) = 134.29 ± 0.06 MeV
σ (width) = 11.26 ± 0.06 MeV

Nbackground/Nsignal = 0.373 ± 0.008

R = NSR
background/N

SB
background = 1.215

Table 5.2: Invariant mass fit parameters. The last raw reports the ratio between the background events
within the signal region (SR) and those in the side bands (SB).

As shown in Figure 5.3, the invariant mass spectrum has been divided into three mass regions:
a signal region, between 0.100 and 0.170 GeV (corresponding to approximately Mπ0 ± 3σ),
and the twoside bands, from 0.065 to 0.100 and from 0.170 to 0.205, respectively. The signal
region includes all the photon pairs which are decay products of neutral pions plus part of the
combinatorial background, while the side bands only include uncorrelated photons, which only
contribute to the background. The widths of the two side bands are chosen in such a way that
their sum equals the width of the signal region (0.070 GeV). The ratioR between the number of
background events within the signal region and those in the side bands (see Table 5.2), extracted
from the fit, is used to subtract the combinatorial background within the signal region (see
Section 5.4.2).
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5.3.3 The kinematic cuts

The inclusive DIS events are needed in the present analysis since they provide a measure of
the luminosity and can thus be used for the luminosity normalization, as explained below.
Therefore, after the identification of the scattered lepton(electron or positron) and the pro-
duced hadrons, several cuts are applied on the kinematical variables in order to select inclusive
and semi-inclusive deep inelastic scattering events.
A four-momentum transfer of more than1 GeV2 is required to select the deep inelastic scatter-
ing regime, where perturbative QCD holds. The resonance region (W . 2 GeV) is excluded by
a cut on the squared invariant mass of the final hadronic state: W 2 > 4 GeV2 for the inclusive
andW 2 > 10 GeV2 for the semi-inclusive DIS events. The upper cut on the energy fractiony
is meant to suppress higher order QED effects. The very lowy region, which is affected by a
poor resolution, is excluded by the cuty > 0.1. However, due to the restrictions onQ2 andW 2,
the lowest possible value of the fractional energy transferin semi-inclusive events isy ≈ 0.18.
The range in the Bjørken scaling variablex is determined by the cuts onQ2 andW 2 and by the
HERMES acceptance.

Inclusive DIS Semi-Inclusive DIS

four momentum transfer Q2 > 1 GeV2 Q2 > 1 GeV2

squared inv. mass of hadronic final stateW 2 > 4 GeV2 W 2 > 10 GeV2

fractional energy transfer 0.1 < y < 0.95 y < 0.95

Bjørken scaling variable 0.023 < x < 0.4 0.23 < x < 0.4

virtual photon - hadron angle θγ∗h > 0.02 rad

hadron momentum 2 GeV < Ph < 15 GeV

energy fraction (extended range) 0.2 < z < 0.7 (0.2 < z < 1.2)

Table 5.3: The kinematic cuts for the selection of inclusive and semi inclusiveDIS events.

For those events in which more than one lepton (electron or positron) track remains after the
geometry and kinematic cuts, the one with the highest momentum is identified as the DIS lepton.
For the selection of the SIDIS hadrons, further cuts are applied on selected hadronic variables
for those hadrons that are detected in coincidence with the identified DIS lepton. In particular,
events with an angleθγ∗h between the virtual photonγ∗ and the hadronh smaller that 0.02 rad
are discarded in order to limit the uncertainty in the determination of the azimuthal anglesφ
andφS, defined in Figure 3.11. This constraint onθγ∗h reflects in a constraint on the final state
hadron transverse momentumPh⊥, e.g., for 2 GeV hadrons, transverse momenta below 0.05
GeV are excluded. In addition, for a reliable hadron identification with the RICH detector, the
absolute momenta of the hadrons are restricted to a range between 2 GeV and 15 GeV. The upper
limit of the energy fractionz < 0.7 rejects scattering events in a region which is dominated by
exclusively produced vector mesons (cf. Section 5.7). Nevertheless, in order to investigate the
z dependence of the azimuthal moments in the highz region, the range inz has been extended
up to 1.2. On the other hand, the lower limit of 0.2 enhances the fraction of hadrons which
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carry the information of the struck quark. A list of the kinematic cuts for inclusive and semi-
inclusive DIS is reported in Table 5.3. The distributions ofselected inclusive and semi-inclusive
variables, subjected to the cuts discussed above, are plotted in Figure 5.4.
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Figure 5.4: Selected DIS kinematic variables.

5.3.4 The charge symmetric background

A big fraction of the interactions that take place in the target region do not result in deep inelastic
scattering processes. In addition, due to the limited geometric acceptance of the HERMES
spectrometer, not all the DIS events result in a detected scattered lepton. Nevertheless, high
energy leptons, produced in different processes such as electron-positron pair productions or
Dalitz-like meson decays, might pass all the DIS cuts. Theseleptons can thus be misidentified
as the scattered leptons, resulting in a wrong DIS and SIDIS count rate. Since, however, these
leptons are produced in pairs (charge symmetric background), a same amount of leptons with
the charge opposite to that of the beam particles is produced. These leptons were then used as a
control sample to quantify the amount of charge symmetric background and to correct for it.
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5.3.5 The DIS and SIDIS yields

After correcting for the charge symmetric background, all the DIS and SIDIS events which have
passed both the geometric and the kinematic cuts contributeto the final DIS and SIDIS yields
to be used for the extraction of the azimuthal asymmetries. The total DIS count rates and those
relative to the two target transverse spin states are reported in Table 5.4 for all the data produc-
tions used in the present analysis (cf. Section 5.1). Table 5.4 also reports the corresponding
values of the average target transverse polarization〈Pt〉. The SIDIS yields, calculated for each
hadron typeh as the sum over the RICH event weightswh,i (cf. eqn. (5.14)), are reported in
Table 5.5.

Data Production N↑DIS N↓DIS NTot
DIS 〈Pt〉

02c0 373386 380104 753490 0.783± 0.041
03c0 204562 206183 410745 0.795± 0.033
04c0 1136645 1139633 2276278 0.738± 0.030
05c0 2489996 2485988 4975984 0.706± 0.054

Total 4204589 4211908 8416497 0.726± 0.053

Table 5.4: The Inclusive DIS event yields.

Data Productions: 02c0 + 03c0 + 04c0 + 05c0

N↑
π+ N↓

π+ N↑
π−

N↓
π−

N↑
π0 N↓

π0 N↑
K+ N↓

K+ N↑
K−

N↓
K−

348433 348508 248375 250126 74341 74039 67171 67539 26905 27360

NTot
π+ NTot

π− NTot
π0 NTot

K+ NTot
K−

696941 498500 148380 134710 54265

NTot
all hadrons = 1532796

Table 5.5: The Inclusive SIDIS event yields for the full HERMES transverse data set. These values are
evaluated according to eqn. (5.14).

5.4 The extraction of the azimuthal asymmetry moments

The extraction of the Collins and Sivers azimuthal amplitudes (cf. Section 3.7.5) has been car-
ried out using two different approaches. The first one consists in a binned two-dimensional least
square fit of the cross section asymmetries. The second one consists in a ’partially unbinned’
Maximum Likelihood fit of the semi-inclusive events by meansof a proper Probability Density
Function (PDF). The two methods are discussed separately.

5.4.1 The least square fit approach

In this approach, each of the kinematic variablesx, y, Q2, z, Ph⊥ is binned, together with the
azimuthal anglesφ andφS (defined in Figure 3.11), according to the scheme reported inTable
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5.6. Only the first fourz bins are of interest for the extraction of the azimuthal moments. The
kinematic region covered by the last twoz bins is also investigated although it lies beyond
the SIDIS range (0.2 < z < 0.7) and contains a large contamination from pions and kaons
generated in the decay of exclusively produced vector mesons (cf. Section 5.7). As shown in
Figure 5.5, the limited acceptance of the HERMES spectrometer causes a strong coupling ofx
andQ2, resulting in an increase ofQ2 with x.

variable # of bins bin borders

x 5 [0.023, 0.05] ]0.05, 0.09] ]0.09, 0.15] ]0.15, 0.22] ]0.22, 0.4]
y 5 [0.1, 0.31] ]0.31, 0.415] ]0.415, 0.54] ]0.54, 0.69] ]0.69, 0.95]

Q2 5 [1.0, 1.59] ]1.59, 2.51] ]2.51, 3.97] ]3.97, 6.1] ]6.3, 15.0]
z 4 (+2) [0.2, 0.3] ]0.3, 0.4] ]0.4, 0.55] ]0.55, 0.7] ( ]0.7, 0.85] ]0.85, 1.2] )

Ph⊥ 5 [0.05, 0.25] ]0.25, 0.40] ]0.40, 0.55] ]0.55, 0.8] ]0.8, 2.0]

φπ (φK) 12 (8) [0, π
6 ] · ·· ]11π

6 , 2π] ([0, π
4 ] · ·· ]7π

4 , 2π])

φπ
S (φK

S ) 12 (8) [0, π
6 ] · ·· ]11π

6 , 2π] ([0, π
4 ] · ·· ]7π

4 , 2π])

Table 5.6: Binning in the kinematic variablesx, y, Q2, z, Ph⊥. For the azimuthal anglesφ andφS an
equidistant12 × 12 (8 × 8) binning is chosen for pions (kaons).

For the pions asymmetries each kinematic bin is split into12 × 12 equidistant bins in the az-
imuthal anglesφ andφS. Due to their lower statistics, a8 × 8 binning is chosen for the kaons.
The population of theφ− φS plane is represented in Figure 5.6. The absence of events around
φS = π/2 and φS = 3π/2 is a consequence of the gap between the top and bottom halves of
the spectrometer.
In each azimuthal bin (φ,φS) and for each hadron typeh, the asymmetryAh

UT (φ, φS) of the
cross section between the two opposite target transverse spin states is derived as:

Ah
UT (φ, φS) ∝ σ↑ − σ↓

σ↑ + σ↓
=

1

〈Pt〉
N↑h,norm(φ, φS) −N↓h,norm(φ, φS)

N↑h,norm(φ, φS) +N↓h,norm(φ, φS)
. (5.15)

This is done for each kinematic variable, while integratingover the other kinematic quantities.
HereN↑(↓)h,norm is the luminosity-normalized SIDIS event yield for hadron typeh and spin state
up (down), and〈Pt〉 represents the total average target transverse polarization. Its value,〈Pt〉 ≈
73%, was obtained by weighting the partial target polarizationvalues measured for each data
production with the corresponding integrated luminosities (cf. Table 5.4).
The luminosity normalization is performed by dividing the SIDIS event yield in each azimuthal
bin by the total DIS yieldN↑(↓)DIS obtained with the same target spin state :

N↑h,norm(φ, φS) −N↓h,norm(φ, φS)

N↑h,norm(φ, φS) +N↓h,norm(φ, φS)
=

N↑h(φ,φS)

N↑DIS

− N↓h(φ,φS)

N↓DIS

N↑h(φ,φS)

N↑DIS

+
N↓h(φ,φS)

N↓DIS

. (5.16)
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Figure 5.5: The kinematic plane covered.Q2 andx are strongly correlated due to the acceptance of the
spectrometer. Most of the statistics is concentrated in the low-x low-Q2 region.
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Figure 5.6: Theφ - φS plane. The absence of events aroundφS = π/2 and φS = 3π/2 is a consequence
of the gap between the top and bottom half of the spectrometer.
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Plugging eqn. (5.16) into eqn. (5.17) and rearranging the terms, the latter can be rewritten in the
form:

Ah
UT (φ, φS) =

1

〈Pt〉
N↑h(φ, φS)N↓DIS −N↓h(φ, φS)N↑DIS

N↑h(φ, φS)N↓DIS +N↓h(φ, φS)N↑DIS

. (5.17)

The 144 (64) azimuthal asymmetries associated to each kinematic bin are fitted by a two-
dimensional function whose parameters are the amplitudesA

sin(nφ±mφS)
UT of the different sine

modulations(m,n = integer number). The basic form of the fit function includes the Collins
and Sivers azimuthal modulations plus a constant term C, which is expected to vanish for a
correct luminosity normalization of the asymmetries:

Ah
UT (φ, φS) = A

sin(φ+φS)
UT sin(φ+ φS) + A

sin(φ−φS)
UT sin(φ− φS) + C . (5.18)

The parameters are extracted in a Least Square (LS) fit which makes use of the MIGRAD
routine of the MINUIT program [Jam75] for theχ2 minimization. The extracted amplitudes
A

sin(φ±φS)
UT are related to the Collins and Sivers asymmetry moments〈sin(φ ± φS)〉hUT , defined

in Section 3.7.5, by

A
sin(φ±φS)
UT = 2〈sin(φ± φS)〉hUT = 2

∫
dφSd

2Ph⊥ sin(φ± φS)(d6σU↑ − d6σU↓)∫
dφSd2Ph⊥(d6σU↑ + d6σU↓)

. (5.19)

As discussed in Section 3.7.5, thePh⊥-weighted Collins and Sivers asymmetries

〈
Ph⊥

zMh

sin(φ+ φS)

〉h

UT

and

〈
Ph⊥

zM
sin(φ− φS)

〉h

UT

are also of great interest as they can be interpreted in termsof distribution and fragmentation
functions without the requirement of any assumption on the quark transverse momentum dis-
tribution. For their extraction an asymmetry is formed in which the events in the numerator are
weighted byPh⊥/z:

A
Ph⊥/z
UT (φ, φS) =

1

〈Pt〉
N↓DIS

∑
iwh,i(Ph⊥/z)i −N↑DIS

∑
iwh,i(Ph⊥/z)i

N↑h(φ, φS)N↓DIS +N↓h(φ, φS)N↑DIS

, (5.20)

whereN↑↓h are given in Table 5.5 and, as usual,wh,i are the RICH event weights (cf. eqn. (5.14)).
ThePh⊥-weighted asymmetry amplitudes are extracted in a two-dimensional fit based on the
function:

A
Ph⊥/z
UT (φ, φS) = 2Mh

〈
Ph⊥

zMh

sin(φ+ φS)

〉h

UT

· sin(φ+ φs)+

2M

〈
Ph⊥

zM
sin(φ− φS)

〉h

UT

· sin(φ− φs) + C . (5.21)
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5.4.2 The Maximum Likelihood fit approach

For a set ofN independently measured quantitiesxi following a Probability Density Function
(PDF)f(x; θ), whereθ = (θ1, ..., θm) is a set ofn parameters whose values have to be deter-
mined, the method of Maximum Likelihood (ML) takes the estimatorsθ̂ to be those values ofθ
that maximize thelikelihood function

L(θ) =
N∏

i=1

f(xi; θ) , (5.22)

which represents the joint PDF for the data. Since bothL and log(L) are maximized for the
same parameter valuesθ, it is usually preferable to work withlog(L). The maximum likelihood
estimators can then be found by solving thelikelihood equation

∂log(L)

∂θi

= 0, i = 1, ...,m. (5.23)

For the extraction of the Collins and Sivers amplitudes the following basic PDF was used:

f(φ, φS, Pt;A
sin(φ±φS)
UT ) = 1 + Pt

[
A

sin(φ+φS)
UT sin(φ+ φS) + A

sin(φ−φS)
UT sin(φ− φS)

]
, (5.24)

wherePt is the target transverse polarization corresponding to each event. The product of the
acceptance functionǫ(φ, φS) times the unpolarized cross sectionσUU , which should appear as a
global factor in the r.h.s of eqn. (5.24), is dropped since itdoes not depend on the fit parameters
and thus can not affect the fit results. The RICH event weightswh,i are taken into account,
resulting in the following quantity to be maximized1:

log(L) =
N∑

i=1

wh,i log[f(φ, φS, Pt;A
sin(φ±φS)
UT )] . (5.25)

As anticipated in Section 5.3.2, concerning the identification of the neutral pions, the ratioR
between the number of background events within the signal region and those in the side bands
(see Figure 5.3 and Table 5.2) is used to subtract the combinatorial background in the signal
region. This is done by associating a weightwπ0,i = +1 to all the events in the signal region
andwπ0,i = −R to those in the side bands.

5.4.3 Comparing the two methods

Although the least square fit method is suitable for the pions, it was found to be unsuitable for
the kaons, due to their limited statistics in certain azimuthal bins. The least squares, indeed, are
not good maximum likelihood estimators in case of non-gaussian statistics. Since, in addition,

1In practice, the azimuthal momentsA
sin(nφ±mφS)
UT are extracted in the minimization of the quantity−2log(L), operated

through the MIGRAD routine of MINUIT.
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binning inφ andφS results in a loss of information and hence in larger statistical errors for the
parameter estimates, the method of (unbinned) maximum likelihood was adopted for both pions
and kaons.
The unweighted Collins and Sivers amplitudes for pions and charged kaons, extracted from the
full HERMES transverse-target data set, are reported as a function of x, z, Ph⊥, y andQ2 in
Figures 5.7 and 5.8, respectively. Here the results obtained with the two fit methods discussed
above (least square and maximum likelihood), are compared.As expected, the two sets of
results, obtained with the two different fit methods are compatible. Significant differences are
observed only in correspondence of the kinematic bins with low statistics (highx, highz, high
Ph⊥, low y and highQ2). For these bins, the ML method is superior and provides the most
reliable parameter estimates. In particular while the ML fitdoes not converge in the highest-z

bins for charged kaons (no maximum is found for the likelihood function), the LS fit provides
spurious solutions for these bins.

5.5 Systematic studies

In order to test the stability of the results and to estimate asystematic error which accounts
for all the possible sources of biases, the Collins and Siversamplitudes were extracted under
different conditions. The systematic studies reported in the next sections of this chapter are
based on the full HERMES data set with a transversely polarized target (data productions02c0,
03c0, 04c0 and05c0), while other studies, which are reported in the next chapter, rely on Monte
Carlo simulations. A list of the systematic studies performed is reported below:

- Contribution of other azimuthal moments (Section 5.5.1)

- Compatibility of different data-taking periods (Section 5.5.2)

- Hadron identification with the RICH (Section 5.5.3)

- Effects of beam polarization (Section 5.5.4)

- The Transverse Magnet Correction methods (Section 5.5.5)

- Fake asymmetries (Section 5.5.6)

- QED radiative effects (Section 5.5.7)

- Detector acceptance and smearing effects (Chapter 6)

5.5.1 The contributions of other azimuthal moments

In the previous sections, very simple fit functions, including solely the Collins and the Sivers
azimuthal modulations, were considered for both the fit methods (LS and ML) discussed. These
modulations account for only two terms (3.68 and 3.69) of theSIDIS cross section (3.61).
However, other terms of the cross section might contribute,which are associated to different
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Figure 5.7: Collins moments for pions and charged kaons as a function ofx, z, Ph⊥, y andQ2. The
results obtained with the LS fit (open dots) and the ML fit (full dots) are compared.

95



CHAPTER 5. THE EXTRACTION OF THE AZIMUTHAL MOMENTS

0

0.05

0.1 π+

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

ML LS

-0.1

0

π-

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

0

0.2 πo

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

0

0.2

K+

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

-0.2

0

0.2

0 0.2

K- 

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

X
0.5 1

Z
0 1

Ph⊥  [GeV]
0.1 0.5 0.9

Y
5 10

Q2 [GeV2]

Figure 5.8: Sivers moments for pions and charged kaons as a function ofx, z, Ph⊥, y andQ2. The results
obtained with the LS fit (open dots) and the ML fit (full dots) are compared.
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azimuthal modulations. The inclusion of such modulations in the fit function might then lead to
slightly different amplitudes for the extracted Collins andSivers moments.
In order to test the impact of selected additional azimuthalmodulations on the extracted Collins
and Sivers amplitudes, the latter were extracted in six different fits, each including a different
additional azimuthal modulation (or combination of azimuthal modulations). The azimuthal
modulations considered are summarized in Table 5.7. All of them arise from terms of the cross
section which do not depend on the beam polarization, and aregrouped according to the target
polarization state.

Modulation Beam pol. Target pol. Twist Amplitude Figure

sin(φS) U T 2 free 5.9
sin(2φ − φS) U T 3 free 5.9
sin(3φ − φS) U T 2 free 5.10
sin(2φ + φS) U T 2 free 5.10

sin(2φ) U L 2 free 5.11
sin(φ) U L 3 free 5.11

cos(2φ) U U 2 fixed 5.11
cos(φ) U U 3 fixed 5.11

Table 5.7: Azimuthal modulations included in the fit functions for the extraction of the Collins and Sivers
amplitudes. The fifth column specifies whether the corresponding amplitudes were kept fixed or left free
in the fit. The last column indicates the Figure showing the corresponding comparison plots.

Similarly to the Collins and Sivers modulations, thesin(φS), sin(2φ − φS), sin(3φ − φS) az-
imuthal modulations arise from the polarized part of the cross section dependent on the trans-
verse polarization of the target. As a consequence, they areexpected to contribute to the fit
result for the Collins and Sivers amplitudes. These modulations have already been introduced
in Section 3.7.4 and are included in the expression of the SIDIS cross section (3.61), which
is referred to the direction of the virtual photon. Since, however, experimentally one can only
measure the cross section with respect to the lepton beam direction, a new term has to be taken
into account, which originates from the fact that lepton beam and virtual photon are not per-
fectly collinear. This term, which is related to the〈sin(2φ)〉UL amplitude for unpolarized beam
and longitudinally polarized nucleons, is modulated bysin(2φ+ φS) [Die05].
In order to test the presence of further residual effects dueto the non collinearity of lepton beam
and virtual photon, thesin(2φ) andsin(φ) modulations (cf. eqn. (3.61)) are also regarded. The
last two modulations,cos(2φ) and cos(φ), arise from the spin-independent part of the cross
section (3.61). The latter four modulations are expected toprovide a negligible contribution to
the fit results of the Collins and Sivers amplitudes.
In Figure 5.9 the Collins and Sivers amplitudes extracted in aML fit based on the 2-parameters
PDF (eqn. (5.24)) are compared with those extracted using two different 3-parameters PDFs,
including thesin(φS) and thesin(2φ − φS) modulations, respectively. This comparison shows
that while the inclusion of thesin(2φ − φS) modulation does not cause significant changes in
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the extracted Collins and Sivers amplitudes, that of thesin(φS) modulation produces sizeable
shifts, especially visible in the Collins amplitudes for negative pions.
A similar comparison is shown in Figure 5.10. Here the Collinsand Sivers amplitudes extracted
with the 2-parameters PDF are compared with those extractedusing two other 3-parameters
PDFs, including thesin(3φ− φS) and thesin(2φ + φS) modulations, respectively. Only small
shifts are observed when the latter is included in the PDF, while essentially no effects are ob-
served when the former is included.
The last comparison, shown in Figure 5.11, involves the standard Collins and Sivers amplitudes
(extracted with the 2-parameters PDF) and those extracted with a 2-parameters PDF, includ-
ing also thecos(φ) andcos(2φ) modulations, and with a 4-parameters PDF, including also the
sin(φ) andsin(2φ) modulations. While, similarly to the other cases discussed above, the am-
plitudes for these two sine modulations are extracted in thefit as free parameters, those for the
cos(φ) andcos(2φ) modulations are kept fixed to the values of theA

cos(φ)
UT andAcos(2φ)

UT moments
extracted in [Gio08]. In both cases no significant effects inthe extracted Collins and Sivers
amplitudes are observed.
Despite only thesin(φS) modulation produces sizeable effects on the extracted Collins and
Sivers amplitudes, the four additional modulations dependent on the transverse target polariza-
tion (see first four rows in Table 5.7) were included, for completeness, in the PDF:

f(φ, φS, Pt;A
sin(nφ±mφS)
UT ) =

1 + Pt

[
A

sin(φ+φS)
UT sin(φ+ φS) + A

sin(φ−φS)
UT sin(φ− φS) + A

sin(φS)
UT sin(φS)+

A
sin(2φ−φS)
UT sin(2φ−φS)+A

sin(3φ−φS)
UT sin(3φ−φS)+A

sin(2φ+φS)
UT sin(2φ+φS)

]
. (5.26)

In the following, this PDF will be referred to as the ’standard 6-parameters PDF’. The tiny con-
tributions due to the remaining four azimuthal modulationsnot included in eqn. (5.26) (cos(φ),
cos(2φ), sin(φ) andsin(2φ)) will be regarded as sources of systematic errors (see Section 5.5.8).
Table 5.8 reports the values of the unweighted Collins and Sivers moments extracted at the av-
erage kinematics through the ’standard 6-parameters PDF’ fit.

h 〈x〉 〈z〉 〈Ph⊥〉 〈y〉 〈Q2〉 2〈sin(φ + φS)〉UT 2〈sin(φ − φS)〉UT

π+ 0.094 0.361 0.407 0.542 2.400 0.014 ± 0.003 0.044 ± 0.003

π− 0.090 0.352 0.406 0.548 2.328 −0.023 ± 0.003 0.006 ± 0.003

π0 0.087 0.394 0.458 0.589 2.440 −0.017 ± 0.009 0.032 ± 0.009

K+ 0.097 0.384 0.435 0.538 2.472 0.005 ± 0.009 0.093 ± 0.008

K− 0.090 0.347 0.422 0.552 2.349 0.026 ± 0.014 0.006 ± 0.013

Table 5.8: Kinematic mean values and overall unweighted Collins and Sivers moments extracted with
the standard 6-parameters PDF fit in the semi-inclusive range0.2 < z < 0.7. The averagePh⊥ andQ2

are expressed inGeV andGeV2, respectively. Only the statistical uncertainties are reported.
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Figure 5.9: Unweighted Collins (upper half) and Sivers (lower half) momentsfor π+ (upper panels)
andπ− (lower panels) extracted with the basic 2-parameters PDF (full squares), compared with those
extracted with two different 3-parameters PDFs including thesin(2φ − φS) (open triangles) and the
sin(φS) modulation (open circles), respectively.
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Figure 5.10: Unweighted Collins (upper half) and Sivers (lower half) moments for π+ (upper panels)
andπ− (lower panels) extracted with the basic 2-parameters PDF (full squares), compared with those
extracted with two different 3-parameters PDFs including thesin(2φ + φS) (open triangles) and the
sin(3φ − φS) modulation (open circles), respectively.
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Figure 5.11: Unweighted Collins (upper half) and Sivers (lower half) moments for π+ (upper panels)
andπ− (lower panels) extracted with the basic 2-parameters PDF (full squares), compared with those
extracted with a 2-parameters PDF including thecos(φ) andcos(2φ) modulations (open triangles) and
with a 4-parameters PDF including thesin(φ) andsin(2φ) modulations (open circles).
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5.5.2 Compatibility of the different Data Taking periods

The Collins and Sivers moments extracted in the present analysis are based on the full trans-
verse target data set, collected over a period of four years (2002-2005). During this long period,
changes in the experimental apparatus, e.g. in the efficiencies or in the alignment of the detec-
tors, might have occurred, resulting in a possible influenceon the extracted azimuthal moments.
The different data productions contain completely different amounts of data. For instance, the
statistics collected during the 2005 more than doubles thatcollected during the previous three
years all together (cf. Table 5.4). In addition, during the 2005 data taking, a different lepton
beam charge (e−) was used than in the previous three years (e+). It is therefore natural to com-
pare the results extracted during the 2002, 2003 and 2004 (data productions02c0, 03c0 and
04c0, respectively) with those extracted during the 2005 (data production05c0)2.
In order to identify the presence of systematic discrepancies between the azimuthal moments
extracted from two different data productionsD1 andD2, the so-calleddeviationswere calcu-
lated according to the general formula:

Deviations =
A

sin(φ±φS)
UT (D1) − A

sin(φ±φS)
UT (D2)√

σ2(D1) + σ2(D2)
, (5.27)

whereσ(Di) denote the statistical uncertainties. Figures 5.12–5.14 show the deviations as a
function ofx between the Collins and Sivers moments extracted from the05c0 data production
and those extracted from the02c0, 03c0 and04c0 data productions, respectively.
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Figure 5.12: Deviations for the Collins (upper panels) and the Sivers (lower panels) moments extracted
from the02c0 and05c0 data productions.

2The compatibility among the 2002-2004 data productions was already checked in [Els06].
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Figure 5.13: Deviations for the Collins (upper panels) and the Sivers (lower panels) moments extracted
from the03c0 and05c0 data productions.
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Figure 5.14: Deviations between the Collins and Sivers moments extracted from the two data productions
04c0 and05c0.
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In all of the three cases explored above, the deviations fluctuate around zero without showing
any systematic shift. In addition, the amplitudes of such fluctuations are smaller than| ± 1| in
most of the cases3. As a result, the four data sets considered are compatible within the statistical
uncertainty and can be merged together without introducingany systematic bias.

5.5.3 Systematic uncertainties on the hadron identification with the RICH

As discussed in Section 5.3.2, the charged hadrons identification is performed through an un-
folding procedure (RICH unfolding) which consists in the extraction of the fluxes of ’true’
hadrons from those of the ’identified’ hadrons. The extraction (eqn. (5.13)) is based on the use of
the inverseP-matrix (5.12), whose elements represent the conditional probabilitiesP (hid|htrue)

that a given hadron of the true typehtrue is identified as particle of typehid. It the analysis pre-
sented in this thesis, a weightwi,h dependent on the identified hadron type is assigned to each
particle track according to the inverseP-matrix (cf. eqn. (5.14)).
To estimate the systematic uncertainty in the true hadron numbers, the Collins and Sivers ampli-
tudes were extracted using three different inverseP-matrices [Hom04]. One is based on a full
Monte Carlo simulation of the RICH detector and is considered asthe standard choice. Another
one is derived using identified hadron (e.g.Λ, ρ0 andφ mesons) decays from the HERMES
data4. The last is obtained by fitting a set of RICH operating parameters5 generated by the lep-
ton tracks.
Figures 5.15 and 5.16 show the Collins and Sivers amplitudes for charged pions and koans,
respectively, extracted using the three differentP-matrices. While basically no differences are
observed for the pions, differences are visible for the kaons. These differences will be accounted
for as sources of systematic errors (see Section 5.5.8).

5.5.4 Effects of beam polarization

While in 2002 the polarization of the HERA lepton beam was very low, a beam polarization of
the order of30 − 40% was measured in the following years (2003-2005) for both thepositive
(λ = +1) and negative (λ = +1) helicity states. The existence of a net beam polarization gives
rise to additional cross section terms which result in additional azimuthal modulations. For in-
stance, at leading twist, a contribution of thecos(φ−φS) modulation is expected from the com-
bination of a longitudinally polarized beam and a transversely polarized target (cf. eqn. (3.61)).
The asymmetry amplitudesAcos(φ−φS)

LT of the two helicity states have opposite signs, thus lead-
ing to a non zero amplitude if the polarizations of the two beam spin states differ.
In order to study the influence of the beam polarization on theextracted Collins and Sivers mo-
ments, the 2003-2005 data sample was splitted into two independent data sets, according to the
beam helicity state. The deviations

3By construction, a deviation of| ± 1| corresponds to a discrepancy of 1 standard deviation.
4This procedure, however, only relies on a limited topology of decay events.
5These parameters include the number of PMT hits and the average anglesfor both the aerogel and the gas rings forβ = 1

particles.
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Figure 5.15: Unweighted Collins (upper half) and Sivers (lower half) moments for positive (upper panels)
and negative (lower panels) pions, extracted with the three different inverseP-matrices.
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Figure 5.16: Unweighted Collins (upper half) and Sivers (lower half) moments for positive (upper panels)
and negative (lower panels) kaons, extracted with the three different inverseP-matrices.
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Deviations =
A

sin(φ±φS)
UT (λ = +1) − A

sin(φ±φS)
UT (λ = −1)√

σ2(λ = +1) + σ2(λ = −1)
, (5.28)

were calculated for each kinematic bin. As an example, the deviations for the Collins and Sivers
moments are reported in Figure 5.17 as a function ofx. Similarly to the comparison between
the different data taking periods (cf. Section 5.5.2), the deviations fluctuate around zero without
showing any systematic shift. This result is compatible with a vanishing net beam polarization.
As a consequence, no effort was done to balance the helicity of the two data samples and no
systematic error on the Collins and Sivers moments was assigned.
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Figure 5.17: Deviations for the Collins (upper panels) and Sivers (lowerpanels) moments extracted for
the two beam helicity states.

5.5.5 The Transverse Magnet Correction methods

As discussed in Section 4.2.5, the target magnet surrounding the storage cell provides a holding
field which defines the polarization axis. While a holding fieldparallel to the lepton beam has
no effect on the beam and a marginal effect on the scattered particle trajectories, for a trans-
verse holding field different effects have to be taken into account. Since not only the beam but
also the scattered particles are deflected, the reconstructed partial particle tracks in front of the
spectrometer magnet do not yield the correct vertex positions and scattering angles when they
are extrapolated into the target cell by a straight line.
As discussed in Section 4.3.2, at HERMES two alternative offline Transverse Magnet Correc-
tion (TMC) methods were developed [Aug07]. These methods, later referred to as TMC1 and
TMC2, are not both available for all the data productions. In particular, concerning the data
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productions used in the present analysis, only the TMC2 method is available for 02c0 and only
the TMC1 is available for 03c0, while both methods are available for 04c0 and 05c0.
In order to test the compatibility of the two methods, the Collins and Sivers moments were ex-
tracted from the merged 04c0 and 05c0 data samples, analyzedwith the two different correction
methods. The comparison is shown in Figures 5.18 and 5.19 forthe unweighted Collins and
Sivers moments, respectively. No systematic shifts are observed between the two set of results.
As a consequence no systematic error on the Collins and Siversmoments was assigned due to
the choice of the transverse magnet correction method.

5.5.6 Fake asymmetries

In order to study the impact of other instrumental effects onthe extracted azimuthal moments,
fake asymmetry amplitudes were investigated. To this purpose, the data collected during the
2004 period with unpolarized deuterium target, corresponding to roughly one third of the statis-
tics of the 2002-2005 transverse data set, was analyzed. Theasymmetry amplitudes were then
extracted by assigning the target spin polarization randomly in the interval[−1; 1] and using the
standard 6-parameters PDF maximum likelihood fit (cf. eqn. (5.26)).
The results are shown in Figures 5.20 and 5.21. As expected only statistical fluctuations around
zero are found for both thesin(φ+ φS) andsin(φ− φS) modulations. The overall amplitudes,
obtained integrating over all kinematic variables, were found to be consistent with zero within
the statistical uncertainty for both modulations. Therefore no systematic error originating from
fake asymmetries was assigned to the Collins and Sivers moments.

5.5.7 Radiative effects

Real photons can be emitted in the scattering process either by the incoming lepton (initial state)
or by the scattered lepton (final state). Since these photonscarry a certain fraction of the lepton
momentum, QED radiative effects influence the event kinematics. In particular, not only thex
andQ2 variables are affected, but also the azimuthal anglesφ andφS, since the virtual photon
momentum defines thez-axis of the coordinate system in which these angles are calculated (cf.
Figure 3.11). As a consequence, in order to restore the correct event kinematics, the momentum
of the lepton either before and after the scattering has to becorrected by the momentum of the
real photon.
The PHYTIA Monte Carlo generator (cf. Section 6.2) allows to store, for each event, the four-
momentumqreal of the radiated photon. One can then correct the four-momentum of the virtual
photon using the relation:qcorr = k − k′ − qreal, wherek andk′ are the four-momenta of the
incoming and scattered lepton, respectively.
This approach was adopted in [Els06] to estimate the influence of the radiative effects on the
extracted Collins and Sivers amplitudes for charged and neutral pions. Correction factors of the
order of a few percent (< 5%) were extracted for each kinematic bin [Els06].
Based on these results, a more conservative approach was usedin the present analysis, which
consisted in accounting for a global5% systematic uncertainty due to the radiative effects.
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Figure 5.18: Unweighted Collins amplitudes extracted with the standard 6-parameters ML fit
(eqn. (5.26)) from the 04c0 and 05c0 transverse data with the two transverse magnet correction methods
TMC1 and TMC2.
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Figure 5.19: Unweighted Sivers amplitudes extracted with the standard 6-parameters ML fit (eqn. (5.26))
from the 04c0 and 05c0 transverse data with the two transverse magnet correction methods TMC1 and
TMC2..
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Figure 5.20: Fake Collins asymmetries extracted from the data collected in 2004with an unpolarized
deuterium target. The target polarization was assigned randomly between -1 and 1. The extraction was
performed with the standard 6-parameters ML fit (eqn. (5.26)).
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Figure 5.21: Fake Sivers asymmetries extracted from the data collected in 2004 with an unpolarized
deuterium target. The target polarization was assigned randomly between -1 and 1. The extraction was
performed with the standard 6-parameters ML fit (eqn. (5.26)).
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5.5.8 Systematic uncertainties: a partial estimation

In the previous sections, three sources of systematic uncertainties were identified for the ex-
tracted Collins and Sivers moments:

- Contributions from the azimuthal modulationscos(φ) andcos(2φ) (from the unpolarized
cross section) andsin(φ) andsin(2φ) (from the cross section terms arising from the lon-
gitudinally polarized target) (cf. Section 5.5.1)

- Contributions from the use of three different inverseP-matrices for the hadron identifica-
tion with the RICH (cf. Section 5.5.3)

- Contribution from QED radiative effects

The three contributions above were summed in quadrature to get an overall systematic uncer-
tainty in each kinematic bin. Figures 5.22 and 5.23 show the Collins and Sivers moments
together with the error bands representing the systematic uncertainties included so far. These
systematic uncertainties are however only partial. An additional (dominant) contribution, aris-
ing form the acceptance studies reported in Chapter 6, has to be taken into account to get the
total systematic uncertainty (cf. Section 6.9).

Besides the contributions listed above, another source of systematic error has to be taken into
account which arises from the uncertainty in the measurement of the target polarization.
The average transverse target polarization for the data taking periods considered in the present
analysis was estimated to be (cf. Table 5.4):

〈Pt〉 = 0.726 ± 0.053 . (5.29)

Since〈Pt〉 enters as a global factor in the expression of the target spinasymmetry (cf. eqn. (5.15)),
its error generates an overall scale uncertainty on the extracted asymmetries. The scale uncer-
tainty was evaluated as:

SPol = MAX

{ |Amin − Amid|
Amid

;
|Amax − Amid|

Amid

}
≈ 7.9% , (5.30)

where:

Amid =
A

〈Pt〉
; Amin =

A

〈Pt〉 + error
; Amax =

A

〈Pt〉 − error
, (5.31)

andA is the bare cross section asymmetry (eqn. (5.16)). Acting asa global scale uncertainty,
i.e. with no kinematic dependence, this contribution was not included in the computation of the
systematic errors discussed above.
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Figure 5.22: Unweighted Collins amplitudes extracted from the full HERMES transverse data set with
the standard 6-parameters ML fit (eqn. (5.26)). The yellow bands represent the systematic errors includ-
ing the contributions of thecos(φ), cos(2φ), sin(φ) andsin(2φ) azimuthal modulations and those due to
the choice of the inverseP-matrix for the hadron identification with the RICH.

114



5.5. SYSTEMATIC STUDIES

0

0.05

0.1 π+

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

6 par. ML 7.9%  scale uncertainty

-0.1

0

π-

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

0

0.2 πo

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

0

0.2

K+

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

-0.2

0

0.2

0 0.2

K- 

2 
〈s

in
(φ

-φ
S
)〉

 h U
T

X
0.5 1

Z
0 1

Ph⊥  [GeV]
0.1 0.5 0.9

Y
5 10

Q2 [GeV2]

Figure 5.23: Unweighted Sivers amplitudes extracted from the full HERMEStransverse data set with the
standard 6-parameters ML fit (eqn. (5.26)). The yellow bands represent the systematic errors including
the contributions of thecos(φ), cos(2φ), sin(φ) andsin(2φ) azimuthal modulations and those due to the
choice of the inverseP-matrix for the hadron identification with the RICH.
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5.6 Isospin relation for the extracted azimuthal moments

An important consistency check for the extracted Collins andSivers amplitudes consists in the
fulfilment of a symmetry relation which reflects the isospin symmetry of the pions triplet.
Besides the factorization of the semi-inclusive cross section, the derivation of this relation re-
quires that isospin and charge conjugation symmetry hold inthe fragmentation process. One
thus only needs to consider the two independentfavoredandunfavoredfragmentation functions
(cf. eqns. (3.52–3.53)) and the following isospin relationbetween the fragmentation functions:

FF q→π0

=
1

2
(FF q→π+

+ FF q→π−) . (5.32)

In addition, the reasonable assumption that contributionsfrom the sea quarks are negligible at
the HERMES kinematics is required. This assumption is supported by the HERMES results
on the longitudinal polarizations for the sea quarks (∆s/s and∆s̄/s̄) [Air05b]. Under these
assumptions, thePh⊥-weighted Collins and Sivers moments (3.92–3.93) for the three pion types
can be written in the form:

〈
Ph⊥

zMπ+

sin(φ+ φS)

〉π+

UT

= KC

(4δu+ δd̄)H
⊥(1)
1,fav + (δd+ 4δū)H

⊥(1)
1,unfav

(4u+ d̄)D1,fav + (d+ 4ū)D1,unfav

(5.33)

〈
Ph⊥

zMπ−
sin(φ+ φS)

〉π−

UT

= KC

(4δu+ δd̄)H
⊥(1)
1,unfav + (δd+ 4δū)H

⊥(1)
1,fav

(4u+ d̄)D1,unfav + (d+ 4ū)D1,fav

, (5.34)

〈
Ph⊥

zMπ0

sin(φ+ φS)

〉π0

UT

= KC

(4δu+ δd̄+ δd+ 4δū)(H
⊥(1)
1,fav +H

⊥(1)
1,unfav)

(4u+ d̄+ d+ 4ū)(D1,fav +D1,unfav)
, (5.35)

〈
Ph⊥

zM
sin(φ− φS)

〉π+

UT

= KS
(4f

⊥(1)u
1T + f

⊥(1)d̄
1T )D1,fav + (f

⊥(1)d
1T + 4f

⊥(1)ū
1T )D1,unfav

(4u+ d̄)D1,fav + (d+ 4ū)D1,unfav

, (5.36)

〈
Ph⊥

zM
sin(φ− φS)

〉π−

UT

= KS
(4f

⊥(1)u
1T + f

⊥(1)d̄
1T )D1,unfav + (f

⊥(1)d
1T + 4f

⊥(1)ū
1T )D1,fav

(4u+ d̄)D1,unfav + (d+ 4ū)D1,fav

, (5.37)

〈
Ph⊥

zM
sin(φ− φS)

〉π0

UT

= KS
(4f

⊥(1)u
1T + f

⊥(1)d̄
1T + f

⊥(1)d
1T + 4f

⊥(1)ū
1T )(D1,fav +D1,unfav)

(4u+ d̄+ d+ 4ū)(D1,fav +D1,unfav)
,

(5.38)

whereKC andKS are kinematic factors common to all the Collins and Sivers moments, re-
spectively. Combining eqns. (5.33–5.35), the followingIsospin Relation(IR) results for the
Ph⊥-weighted Collins moments [Mak03]:
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IRPh⊥/zMh·sin(φ+φS) ≡
〈
Ph⊥

zMπ+

sin(φ+ φS)

〉π+

UT

+ C

〈
Ph⊥

zMπ−
sin(φ+ φS)

〉π−

UT

−

(1 + C)

〈
Ph⊥

zMπ0

sin(φ+ φS)

〉π0

UT

= 0 . (5.39)

The coefficientC arises from the spin-independent distribution and fragmentation functions
appearing in eqns. (5.33)–(5.35) and can be expressed in thecompact form

C =
4η + r

4 + rη
, (5.40)

where

r =
d+ 4ū

u+ 1
4
d̄

and η =
D1,unfav

D1,fav

. (5.41)

A similar IR exists for the Sivers moments, which can be derived combining eqns. (5.36)–(5.38):

IRPh⊥/zM ·sin(φ−φS) ≡
〈
Ph⊥

zM
sin(φ− φS)

〉π+

UT

+ C

〈
Ph⊥

zM
sin(φ− φS)

〉π−

UT

−

(1 + C)

〈
Ph⊥

zM
sin(φ− φS)

〉π0

UT

= 0 . (5.42)

The validity of the IR is unaffected by a convolution integral over the transverse quark and pion
momenta. As a consequence, it also holds for the unweighted Collins and Sivers moments:

IRsin(φ±φS) ≡ 〈sin(φ±φS)〉π+

UT +C 〈sin(φ±φS)〉π−UT − (1 +C)〈sin(φ±φS)〉π0

UT = 0 . (5.43)

More in general, it has been shown [Die05b] that the isospin symmetry relation is valid for
any single-spin or double-spin asymmetry in semi-inclusive DIS at twist-two and twist-three
and in leading and next-to-leading order inαs when the coefficientC (5.40) is replaced by the
unpolarized cross section ratio for semi-inclusive negative and positive pion production:

C = σπ−

UU/σ
π+

UU . (5.44)

In the present analysis the coefficientC was extracted using the mean values of the multiplicities
M for positive and negative pions measured on a proton target at HERMES6:

C ≈ 〈M〉π−/〈M〉π+

= 0.723 ± 0.005 . (5.45)

6These multiplicities are corrected for the smearing and radiative effects and for the contribution from exclusively produced
vector mesons [Hil05].
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For the calculation of the Isospin Relation, the averaged Collins and Sivers moments extracted
with the 2-parameters ML fit (cf. eqn. (5.24)) were used, yielding:

IRsin(φ+φS) = 0.0045 ± 0.0064 , (5.46)

IRsin(φ−φS) = 0.0016 ± 0.0066 , (5.47)

where only statistical uncertainties were taken into account. As shown in Figure 5.24, the IR is
fulfilled within the statistical uncertainty for both the Collins and Sivers moments.
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Figure 5.24: Isospin Relation for unweighted Collins and Sivers moments integrated over the full kine-
matic range.

The Isospin Relation can also be evaluated in the individual kinematic bins. The kinematic
dependence of the IR for both the unweighted Collins and Sivers moments is shown in Fig-
ure 5.25. Reflecting the values obtained with the overall moments, the values of the Isospin
Relation are compatible with zero for both the unweighted Collins and Sivers moments.
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Figure 5.25: Isospin Relation for unweighted Collins and Sivers moments as afunction ofx, z andPh⊥.
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The IR was also studied for thePh⊥-weighted moments (cf. eqns. (5.39) and (5.42)). The
results for the Collins and Sivers moments integrated over the full kinematic range are listed
below and shown in Figure 5.26):

IRPh⊥/zMh sin(φ+φS) = 0.0915 ± 0.0494 (5.48)

IRPh⊥/zM sin(φ−φS) = 0.0018 ± 0.0073 . (5.49)

A fair fulfillment is obersved for the Sivers moments while a deviation of less than2σ is ob-
served for the Collins moments. The results in the different kinematic bins are shown in Fig-
ure 5.27.
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Figure 5.26: Isospin Relation for thePh⊥-weighted Collins and Sivers moments integrated over the full
kinematic range.
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Figure 5.27: Isospin Relation forPh⊥-weighted Collins and Sivers moments as a function ofx, z and
Ph⊥.
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5.7 The contributions from exclusively produced vector mesons

In deep inelastic scattering, the incoming lepton interacts with a quark of the nucleon through a
virtual photon exchange. The virtual photon, however, can also fluctuate into a quark-antiquark
pair. This pair can live long enough to develop into a hadronic state which then interacts with
the nucleon. This interaction between the hadronic component of the photon and the nucleon
can only be described phenomenologically in terms of modelsfor hadron-hadron interactions.
One such model is the well known Vector Meson Dominance (VMD)model [Sak69], which de-
scribes successfully the experimental data over a wide energy range. In this model, the hadronic
component of the photon is interpreted in terms of fluctuations into the vector mesonsρ0, ω and
φ, carrying the same quantum numbers as the photon. The scattering process then factorizes
into the coupling of the virtual photon to the vector meson and the interaction of the vector
meson with the nucleon. This model is implemented in the PYTHIA Monte Carlo generator
(cf. Section 6.2).
The pion and the kaon samples of semi inclusive deep inelastic scattering events detected at
HERMES contain decay particles of exclusively produced vector mesons. For the interpre-
tation of the measured azimuthal moments in terms of quark distributions and fragmentation
functions, these events might be considered as background contributions. These contributions,
however, cannot be excluded entirely from the analysis since, due to the limited acceptance of
the spectrometer, not all the decay particles produced in these events are observed.
Regarding the decay particles of exclusive vector mesons as background contributions to the
semi inclusive DIS sample, one can, in principle, correct the measured asymmetry amplitudes
Ameas using the relation:

Acorr =
Ntot

Nsig

Ameas −
NV M

Nsig

AV M→h =
1

1 − fV M

Ameas −
fV M

1 − fV M

AV M→h . (5.50)

HerefV M is the vector meson fraction, defined as the ratio between thenumber of hadrons from
vector meson decaysNV M and the total number of hadronsNtot, andNsig denotes the difference
betweenNtot andNV M . Two different sources contribute to the amplitudeAV M→h of the decay
particles: any Collins or Sivers like asymmetry amplitudeAV M in the vector mesons production
partially transferred to the hadron, and a spurious asymmetry in the detected hadrons, introduced
by the decay angular distributions. In general, the asymmetry amplitudes of the decay particles
can be expressed as:

AV M→h = T · AV M + Adecay , (5.51)

whereT denotes a transfer coefficient which describes how much of the vector meson asymme-
try amplitude is transferred to its decay particles. For a correction of the measured asymmetries
one thus needs four quantities: the vector meson fractionfV M , the transfer coefficientT , the
asymmetry amplitudeAV M of the exclusively produced vector mesons, and the asymmetry am-
plitudeAdecay acquired in the decay process. An intense work has been done in [Els06] to
extract these four quantities.
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The total (i.e. including the contributions fromρ0, ω andφ) fractions of pions and charged
kaons produced in vector meson decays simulatated by the PYTHIA Monte Carlo tuned to the
HERMES kinematics, are shown, as a function ofx, z andPh⊥, in Figure 5.28.
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Figure 5.28: Fraction of pions (upper panel) and charged kaons (lower panel) produced in vector meson
decays simulated by PYTHIA.

An increase of the vector meson fractions with decreasingx is observed for all hadron types.
The fractions, which are dominated by exclusiveρ0 decays, also increase with increasingz,
reaching values of about50% for z > 0.7. This is the reason why the higherz region was lim-
ited by the cut0.2 < z < 0.7 (cf. Section 5.3.3). Except for the higherz region, the fractions
stay below10% for charged pions, and below5% for neutral pions and charged kaons.
The decay particles from exclusive vector mesons are expected to influence the extracted Collins
and Sivers amplitudes. With the help of Monte Carlo simulations, the transfer coefficientsT
for charged pions coming from exclusiveρ0 decays, and for neutral pions coming from exclu-
siveω decays, were determined in [Els06]. In addition, Collins andSivers like asymmetries
were extracted from the HERMES data for both exclusiveρ0 mesons and their decay pions.
In both cases the obtained amplitudes were found to be statistically consistent with zero. Fur-
thermore, significantly positive amplitudes were extracted from azimuthal asymmetry in the
yield difference of positive and negative pions, which has no contribution from exclusive vector
mesons [Els06]. All these studies led to the conclusion thatone can safely assume that ex-
clusively produced vector mesons do not significantly affect the extracted Collins and Sivers
amplitudes. This assumption is also supported by the fulfillment of the Isospin Relation, shown
in Section 5.6.
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Chapter 6

Monte Carlo studies

Due to the complexity of the experimental apparatus and of the physics processes involved,
Monte Carlo simulations represent nowadays an indispensable tool in nuclear and high energy
physics. Based on models and parameterizations, they allow to simulate, on a statistical basis,
many aspects that can not be calculated in an analytical way and that are necessary for a com-
plete understanding of the physical problems under study. For the analysis presented in this
thesis, Monte Carlo simulations were used to estimate the impact of the limited resolution and
geometrical acceptance of the HERMES detector on the measured asymmetry amplitudes.

6.1 The HERMES Monte Carlo Implementation

The HERMES Monte Carlo consists in a chain of programs that are operated in the order de-
scribed in Figure 4.24. The chain starts with a physics generator, built within a general frame-
work called GMC (Generator Monte Carlo). Several event generators are available which are
suitable to simulate different aspects of the HERMES physics(exclusive processes, deeply vir-
tual Compton scattering, transversity, etc). Usually, the generated events come with a weight
WMC

j which is needed to reproduce the cross section correctly. The effective number of events

NMC is then given byNMC =
∑Ngen

j=1 WMC
j , whereNgen is the number of generated events.

For a reasonable comparison with experimental data, further effects have to be simulated which
are inevitably introduced by the measuring process. First of all, due to the limited acceptance
of the spectrometer, only a fraction of the produced particles traverse the active area of the de-
tector. These particles interact with the detector material before their kinematic properties are
measured. As a result, the original energies and angles of the tracks are affected. In addition,
one has also to take into account the intrinsic inefficiencies of the detector, like the limited de-
tector resolution, misidentification of the different particle types, etc.
All these effects are simulated by a program called HERMES Monte Carlo (HMC), which con-
tains a model of the HERMES apparatus based on GEANT3 [Bru84]. For each particle, the
transition through the detector is simulated taking into account the interaction with the materi-
als it traverses. The HMC produces a response function whichis very similar to that for the real
data, except that it contains additional Monte Carlo information such as the particle type and
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the originally generated particle kinematics.
Alternatively, one can use the much faster HERMES Smearing Generator (HSG) [Hil05], which,
being based on a parametrization of all smearing and acceptance effects of the detector, does
not require the time consuming full track reconstruction through the detector materials. HSG
makes use of the momentum resolution and of the resolution ofthe scattering anglesθx andθy

obtained from a fully tracked Monte Carlo production, to smear the kinematics of the generated
tracks on a statistical basis. It also applies some acceptance cuts based on lookup tables for the
bending into the magnet field. The HMC and HSG outputs are fed directly into the HERMES
Reconstruction program (HRC), which determines the particle momenta from the bending in
the magnet by matching the back and the front part of each track. It is important to note that
this is exactly the same program used for the reconstructionof the real data. Since the event
reconstruction is identical for both experiment and simulation, all possible biases introduced at
this stage are automatically accounted for. Once the track information is available, a DST file
very similar to that produced by the experimental data processing chain is written.

6.2 The PYTHIA Monte Carlo generator

PYTHIA [Sjo03] is a general purpose Monte Carlo generator forhigh energy physics. It con-
tains a model of soft (non perturbative) as well as perturbative deeply inelastic scattering process
and spans the whole region from real and quasi-real photoproduction (very lowQ2) to highQ2

DIS. PYTHIA also includes a model for the semi-inclusive cross section. In particular, for the
hadron fragmentation it makes use of the LUND string-fragmentation model [And83, And97]
(cf. Section 3.7). The events generated by PYTHIA are processed by the HERMES Monte
Carlo (HMC) for the track reconstruction. The PYTHIA default settings, mostly determined
from e+e− data, do not describe the HERMES data sufficiently well. Therefore the parameters
involved in the description of the cross sections implemented in PYTHIA were tuned to the
HERMES kinematics to reproduce the measured multiplicities[Lie04]. Figure 6.1 shows the
distributions of selected DIS and SIDIS kinematic variables obtained from real events and from
events generated by PYTHIA. The comparison reveals a very good agreement.
In the present analysis, the PYTHIA generator was used to generate a sample of events accord-
ing to the Born (spin-independent) cross section. As described in Section 6.5.1, the latter was
used to project in4π the Collins and Sivers moments extracted within the HERMES acceptance.

6.3 The GMC TRANS Monte Carlo generator

Since HERMES is not a4π detector, and thus can not cover the fullφ − φS plane (see Fig-
ure 5.6), acceptance effects might affect the extraction ofthe azimuthal (e.g. Collins and Sivers)
moments. Moreover, in order to solve the convolution integrals in eqns. (3.86) and (3.87), one
needs in principle to integrate over the whole range of transverse momentum. However this is
experimentally not possible. A new Monte Carlo generator, called GMC TRANS, was devel-
oped in order to simulate azimuthal distributions due to intrinsic transverse quark momenta and
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Figure 6.1: Comparison between the distributions of selected DIS and SIDISkinematic variables ob-
tained from real events and from events generated by PYTHIA.
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to study such kind of effects.
To accomplish the demand of a fast Monte Carlo, the track reconstruction is performed through
the HERMES Smearing Generator (HSG). The model parameters were tuned in such a way that
the extracted asymmetry amplitudes are comparable to thoseextracted from experimental data.

6.3.1 The models

In GMC TRANS, different models for thex andz dependencies of the transversity, Sivers and
Collins functions are available [Mak03]. In these models, the first moments (i.e. integrals over
the intrinsic transverse momenta) of the distribution or fragmentation functions are constructed
proportional to the spin independent distribution of fragmentation functionsq(x), ∆q(x), or
D1(z) (cf. Table 6.1). The latter, in turn, are based on leading order parameterizations based on
fits to world data. It is worth noting that neither the unpolarized cosine moments (cf. eqs. (3.66)
and (3.67)) nor the QED radiative effects (see Section 5.5.7) are implemented in GMCTRANS.
For the Monte Carlo studies reported in this section, two different versions (later referred to as
GMCT1 and GMCT2) of the GMCTRANS generator were used. These two versions have
different ranges for the relevant kinematic variables and different models for the Sivers func-
tion. In particular, while the anti-quarks Sivers functionis set equal to zero in one of the two
versions, a non-vanishing Sivers function for the anti-quarks is implemented in the other. Fur-
thermore, depending on the version used, the mean value〈K2

T 〉, which is always assumed to
be independent of the quark flavours, is chosen to be dependent or independent ofz. Table 6.1
summarizes the main settings of the two versions used. The parametrization of the spin in-
dependent fragmentation functions, taken from [Kre00], fulfil isospin and charge conjugation
symmetry, leaving three independent fragmentation functions: favored (fav), unfavored (unfav)
and strange (s) (cf. Section 3.7.1). In addition, unfavored and strange fragmentation functions
are equal in the parametrization. The first moments of the Collins function are constructed pro-
portional to the spin-independent fragmentation functionwith a coefficient for the unfavored
fragmentation function twice as large as for the favoured one and with opposite sign (cf. Ta-
ble 6.1). The current versions of GMCTRANS allow to have only pions as final state hadrons.
In the studies presented in the following sections, only thecharged pions will be regarded.

6.3.2 The skewed Gaussian ansatz

In GMC TRANS thep2
T (K2

T ) dependence in the quark distribution (fragmentation) functions is
factorized and a Gaussian distribution for the transverse momenta is assumed (Gaussian ansatz).
Under these assumptions the unpolarized distribution and fragmentation functions can be ex-
pressed as:

q(x, p2
T ) = q(x)

1

π〈p2
T (x)〉e

−
p2
T

〈p2
T

(x)〉 (6.1)

D1(z,K
2
T ) = D1(z)

1

π〈K2
T (z)〉e

−
K2

T
〈K2

T
(z)〉 , (6.2)

126



6.3. THE GMCTRANS MONTE CARLO GENERATOR

GMC TRANS settings
Version GMCT1 Version GMCT2

Distribution Functions (qsea = ū, d̄, s, s̄)

δu(x) = 0.7 · ∆u(x) δu(x) = 0.7 · ∆u(x)

δd(x) = 0.7 · ∆d(x) δd(x) = 0.7 · ∆d(x)

δqsea(x) = 0.7 · ∆qsea(x) δqsea(x) = 0.7 · ∆qsea(x)

f⊥u
1T (x) = −0.3 · u(x) f⊥u

1T (x) = −0.6 · u(x)

f⊥d
1T (x) = 0.9 · d(x) f⊥d

1T (x) = 1.05 · d(x)

f⊥qsea

1T (x) = 0.0 f⊥qsea

1T (x) = 0.3 · qsea(x)

Fragmentation Functions

H
⊥(1)
1,fav(z) = 0.65 · D1,fav(z) H

⊥(1)
1,fav(z) = 0.65 · D1,fav(z)

H
⊥(1)
1,unfav(z) = −1.30 · D1,unfav(z) H

⊥(1)
1,unfav(z) = −1.30 · D1,unfav(z)

Transverse momentum mean values

〈P 2
h⊥(z)〉 = z2〈p2

T 〉 + 〈K2
T 〉 〈P 2

h⊥(z)〉 = z2〈p2
T 〉 + 〈K2

T (z)〉
(〈p2

T 〉 = 〈K2
T 〉 = 0.18 GeV2 〈K2

T 〉 z-dependent

kinematic ranges

Q2 > 1 GeV2 Q2 > 0.9 GeV2

0.023 < xBj < 0.4 0.02 < xBj < 0.5

y < 0.85 y < 0.99

W 2 > 10 GeV2 W 2 > 4 GeV2

z > 0.2 z > 0.18

Table 6.1: The main settings of the two versions of the GMCTRANS generator.
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whereq(x) andD1(z) are the well known transverse momentum integrated spin-independent
distribution and fragmentation functions and:

〈p2
T (x)〉 =

∫
d2~pTp

2
T q(x, p

2
T )

q(x)
, 〈K2

T (x)〉 =

∫
d2 ~KTK

2
TD1(z,K

2
T )

D1(z)
. (6.3)

Similar expressions hold for the1/2-moments of the Sivers and the Collins function:

f
⊥(1/2)q
1T (x, p2

T ) ≡ |~pT |
2M

f⊥q
1T (x, p2

T ) =
|~pT |
2M

f⊥q
1T (x)

1

π〈p2
T (x)〉e

−
p2
T

〈p2
T

(x)〉 (6.4)

H
⊥(1/2)
1 (z, z2k2

T ) ≡ |~kT |
2Mh

H⊥1 (z, z2k2
T ) =

|~kT |
2Mh

H⊥1 (z)
1

πz2〈k2
T 〉
e
−

k2
T
〈k2

T
〉 , (6.5)

where the usual relation~KT = −z~kT was used.
However, when the eqs. (6.1)–(6.5) are inserted into the positivity constraints [Bac00, Bac04]

f
⊥(1/2)q
1T (x, p2

T ) ≤ 1

2
q(x, p2

T ) (6.6)

H
⊥(1/2)
1 (z, z2k2

T ) ≤ 1

2
D1(z, z

2k2
T ) , (6.7)

one obtains:

|~pT |
M

f⊥q
1T (x) < q(x)

|~kT |
Mh

H⊥1 (z) < D1(z) , (6.8)

which, due to the explicit dependence on|~pT | and|~kT | of the left-hand sides, cannot ensure the
fulfillment of the positivity bounds without applying unphysical cut-offs in|~pT | and|~kT |.
This problem can be solved by using a modified version of eqs. (6.4) and (6.5), which allows
for smaller widths of the quark transverse momentum distributions (skewed gaussian ansatz)
[Bac04]:

f⊥q
1T (x, p2

T ) = f⊥q
1T (x)

1
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T (x)〉e
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(x)〉 (6.9)

H⊥1 (z, z2k2
T ) = H⊥1 (z)

1

πz2(1 − Cc)〈k2
T 〉
e
−

k2
T

(1−Cc)〈k2
T
〉 , (6.10)

whereCc andCs are twoskewednessparameters defined in the range0 < Cc, Cs < 1. In the
limit C → 1 the transverse momentum distributions reduce to a Dirac delta function, while in
the limit C → 0 one recovers the linear, i.e. unbound,pT (kT ) dependence. With this new
parametrization the positivity limits read:

f⊥q
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2M

1

π(1 − Cs)〈p2
T (x)〉e

−
p2
T

(1−Cs)〈p2
T

(x)〉 ≤ 1

2
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H⊥1 (z)
|~kT |
2Mh

1

πz2(1 − Cc)〈k2
T 〉
e
−

k2
T

(1−Cc)〈k2
T
〉 ≤ 1

2
D1(z)

1

πz2〈k2
T 〉
e
−

k2
T
〈k2

T
〉 (6.12)

whence

|~pT |
1 − Cs

e
− Cs

(1−Cs)

p2
T

〈p2
T

(x)〉 ≤M
q(x)

f⊥q
1T (x)

and
|~kT |

1 − Cc

e
− Cc

(1−Cc)

k2
T
〈k2

T
〉 ≤Mh

D1(z)

H⊥1 (z)
. (6.13)

These inequalities can easily be fulfilled for a reasonable choice of the skewedness parame-
tersCs andCc. In particular, it has been shown [Bac04] that small skewedness parameters
(Cc = Cs = 0.25) are sufficient to bound the functions. Very large values of these skewedness
parameters would limit the range of the intrinsic momentum dependent functions to quite un-
physical values.
With the skewed Gaussian ansatz for thepT (kT ) dependence of the Sivers (Collins) function,
one can solve analytically the convolution integral involved in the Sivers (Collins) term of the
cross section (cf. eqs. (3.79) and (3.80)), yielding respectively [Bac04]:
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6.3.3 The implemented asymmetries

The main advantage of using the Gaussian ansatz is that it allows to calculate the asymmetry
amplitudes analytically for all the generated events. These values, which we callimplemented
asymmetries, can then be compared with theextracted asymmetries, obtained applying the stan-
dard fit procedure described in Section 5.4 to the MC events selected by the analysis program
(see Sections 6.4.3 and 6.4.4).
The unweighted andPh⊥-weightedimplemented asymmetriesare calculated according to
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q e

2
qδq(x)H

⊥(1/2)q
1 (z)

1
xy2A(y)

∑
q e

2
qq(x)D

q
1(z)

,

(6.16)
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and stored for each eventj. In order to compare them with the correspondingextracted asym-
metriesin a given kinematic bin, theimplemented asymmetrieshave to be averaged over all the
events (Nev) in that bin:

2〈sin(φ± φS)〉h,implem
UT =

∑Nev

j 2〈sin(φ± φS)〉h,implem
UT,j

Nev

. (6.20)

Similar expressions hold for thePh⊥-weighted asymmetries. Theimplemented asymmetries
are integrated overPh⊥ and therefore can not be compared to theextracted asymmetriesin the
individual Ph⊥ bins. To this purpose thePh⊥-dependent cross section ratios have to be used
instead.

6.3.4 The comparison Data-GMCTRANS

In order to test the reliability of the GMCTRANS Monte Carlo in reproducing the experimen-
tal results, the asymmetry amplitudes extracted from the GMC TRANS events generated within
the HERMES acceptance were compared with those extracted from the experimental data. The
comparison plots are shown in Figure 6.2. Here the Collins andthe Sivers moments extracted
from the experimental data are reported together with thoseextracted from the two versions of
GMC TRANS. For this comparison the same number (2) of fit parameters has been used for
the three cases. Although the Collins amplitudes extracted from GMCT1 (open triangles) and
GMCT2 (open circles) are substantially different (those extracted from GMCT2 are systemat-
ically lower than the others), they are both reasonably compatible with the experimental ones
(full squares) for both positive and negative pions. In contrast, none of the two GMCTRANS
versions reproduces the experimental Sivers amplitudes for positive pions. Both the simulated
Sivers amplitudes are indeed systematically smaller than the experimental ones. This is espe-
cially true for those extracted from GMCT1, where a zero Sivers function for the sea quarks is
implemented. All the Sivers amplitudes for the negative pions are compatible with zero.
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Figure 6.2: Unweighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels) and
π− (lower panels) extracted from the full HERMES transverse data set (full squares), and from the two
GMC TRANS versions GMCT1 (open triangles) and GMCT2 (open circles). The average kinematics of
the bins has been slightly shifted to accommodate the three sets of results.
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6.4 Study of acceptance and smearing effects: a qualitative approach

The studies presented in the following sections were performed in order to estimate the impact
of the acceptance and smearing effects on the extracted Collins and Sivers moments. To this
purpose, different categories of Collins and Sivers asymmetries were extracted and compared
for both the unweighted and thePh⊥-weighted cases. These categories originate from the com-
binations of three different Monte Carlo event samples and two different extraction methods:

MC event samples:

- generated events: GMC TRANS events generated in4π with the original (i.e. unsmeared)
kinematics;

- generated events in acceptance: GMC TRANS events generated within the HERMES
acceptance with the original (i.e. unsmeared) kinematics;

- reconstructed events: GMC TRANS events generated within the HERMES acceptance
with smeared (HSG) kinematics.

Extraction methods:

- implemented asymmetries: asymmetries implemented in GMCTRANS, calculated and
stored for each event (see Section 6.3.3);

- extracted asymmetries: asymmetries extracted from the GMCTRANS events with the
’standard fit method’ (see Section 6.4.1);

The comparison between the asymmetries obtained fromreconstructedandgenerated events
allows to study the impact of the instrumental (detector acceptance and smearing) effects, while
that betweenimplementedandextracted asymmetriesallows to test the extraction method.

6.4.1 Fit methods comparison

The comparison studies mentioned above were repeated for both the GMCTRANS versions
(GMCT1 and GMCT2) described in Section 6.3.1 and making use of both the fit methods (LS
and ML) described in Section 5.4. In particular, since only the Collins and the Sivers effects are
implemented in the GMCTRANS generator, there is no need to include in the fit the four ad-
ditional sine moments appearing in eqn. (5.26). As a result only two parameters, corresponding
to the Collins and the Sivers amplitudes, are used in the ML fit,while an additional constant
term is included in the LS fit. Since no implementation existsat the moment for thePh⊥-
weighted asymmetries in the maximum likelihood fit, these have only been extracted with the
least square fit. The unweighted Collins and Sivers asymmetryamplitudes extracted with the
two different fit methods from the GMCT2generated(reconstructed) events are compared in
Figure 6.3 (6.4). The two sets of results are in a very good agreement. A similar agreement is
observed using GMCT1.
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Figure 6.3: Unweighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels) and
π− (lower panels) extracted from the GMCT2generated eventswith ML fit (open squares) and LS fit
(full triangles).
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Figure 6.4: Unweighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels) and
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In the studies reported in the next sections, the ML fit will always be used for the extraction of
the unweighted asymmetries and the LS fit for the extraction of thePh⊥-weighted asymmetries.

6.4.2 The smearing effects

The contribution due to the smearing effects can be evaluated by comparing the asymmetry am-
plitudes obtained from thereconstructed eventswith those obtained from thegenerated events
in acceptance. Any difference between the two sets of results can only be attributed to the ac-
tion of the detector smearing on the event kinematics. For this comparison, the GMCT2 version
of GMC TRANS was used. The results for the Collins and Sivers moments are shown in Fig-
ures 6.5 and 6.6 (upper plots), respectively, together withthe corresponding differences (lower
plots). Except for the highestz-bins, whose events are not accounted for while projecting onto
the other variables (cf. Section 5.3.3), the differences are relatively small in the whole kinematic
range. These differences are considered as a source of systematic uncertainty and are accounted
for in the evaluation of the global systematic error (see Section 6.9).

6.4.3 Acceptance effects: the unweighted asymmetries

As discussed in Section 6.4, the differences betweengeneratedandreconstructed eventsorig-
inate from both the acceptance and the smearing effects. Figure 6.7 reports the comparison
between the unweighted Collins and Sivers moments extractedfrom the GMCT1generated
andreconstructed events. The plots show a relatively good agreement in most of the kinematic
bins, thus leading to the conclusion that acceptance and smearing effects are relatively small
(< 10%). Significant differences are only observed as a function ofPh⊥ for bothπ+ andπ−.
This result fully agrees with that of an equivalent study reported in [Els06], where the same
version of GMCTRANS was used. These figures also show the correspondingimplemented
asymmetries. The differences betweenimplementedandextracted asymmetriesare relatively
small for bothgeneratedandreconstructed events. The latter result ensures that the extraction
method has been implemented correctly and does not introduce any significant bias.
A similar comparison study was performed for the first time using the GMCT2 version of
GMC TRANS. As discussed in Section 6.3.1, this version is expected to be more reliable since
it not only uses a non-zero Sivers function for the sea quarks, but also includes the z-dependence
of 〈K2

T 〉. The comparison plots for GMCT2 are shown in Figure 6.8. Contrarily to the previous
comparison (based on GMCT1), this comparison shows unexpectedly large differences between
the asymmetries extracted fromgenerated eventsand those extracted fromreconstructed events.
These differences are particularly pronounced for the Collins moments forπ+, for which they
are estimated to be, in the average, of the order of40%. Significant differences are also observed
betweenimplementedandextractedasymmetries for thereconstructed events.

135



CHAPTER 6. MONTE CARLO STUDIES

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

π+

2 
〈s

in
(φ

+φ
S
)〉

 h U
T

GMCT2 ML fit extracted:
unsmeared
smeared

-0.08

-0.06

-0.04

-0.02

0

0.02

0 0.2

π-

2 
〈s

in
(φ

+φ
S
)〉

 h U
T

X
0.5 1

Z
0 1

Ph⊥  [GeV]
0.1 0.5 0.9

Y
5 10

Q2 [GeV2]

-0.05

0

0.05

π+

D
if

f:
 S

m
ea

re
d

 -
 U

n
sm

ea
re

d

-0.05

0

0.05

π-

X Z Ph⊥  [GeV] Y Q2 [GeV2]

Figure 6.5: Upper half: Collins moments forπ+ and π− extracted from GMCT2 smeared (full dots) and
unsmeared (open dots) events reconstructed within the HERMES acceptance. Lower half: differences
between the amplitudes extracted from smeared and unsmeared events.
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Figure 6.6: Upper half: Sivers moments forπ+ and π− extracted from GMCT2 smeared (full dots) and
unsmeared (open dots) events reconstructed within the HERMES acceptance. Lower half: differences
between the amplitudes extracted from smeared and unsmeared events.
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Figure 6.7: Unweighted Collins (upper half) and Sivers (lower half) moments for π+ (upper panels)
andπ− (lower panels) extracted with ML fit from the GMCT1generated events(open squares) and
reconstructed events(full triangles). The reconstructed and generated implemented asymmetries are
also shown for comparison.
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Figure 6.8: Unweighted Collins (upper half) and Sivers (lower half) momentsfor π+ (upper panels)
andπ− (lower panels) extracted with ML fit from the GMCT2generated events(open squares) and
reconstructed events(full triangles). The reconstructed and generated implemented asymmetries are
also shown for comparison.
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6.4.4 Acceptance effects: thePh⊥-weighted asymmetries

A similar study was done for thePh⊥-weighted asymmetry amplitudes. Theimplementedand
theextracted asymmetriesobtained fromgeneratedandreconstructed eventsare compared for
both the GMCTRANS versions in Figures 6.9 and 6.10, respectively. As already found in
[Els06] with GMCT1, large differences are observed for the Collins moments. Even larger dif-
ferences are observed when GMCT2 is used. In both cases (GMCT1 and GMCT2) the absolute
values of the Collins and Sivers amplitudes extracted from the reconstructed eventsare system-
atically lower than those extracted from thegenerated eventsin most of the kinematic bins.
Big differences are also observed between theextractedand theimplemented asymmetriesfor
reconstructed events. An exception is represented, in both cases, by thePh⊥ bins, where a rel-
atively better agreement is observed. The contrast betweenthe relatively good reproduction of
the amplitudes in the individualPh⊥ bins and the large deviations observed as a function of the
other kinematic variables suggests that an insufficient integration overPh⊥ causes the problem.
Indeed, in the former case, the integration of thePh⊥-dependent cross section is restricted to
the rather small range within each bin. However, it is difficult to interpret the results since the
deconvolution of distribution and fragmentation functions is not achieved with an incomplete
integration overPh⊥.

The studies discussed above show that an estimation of the acceptance and smearing effects
on the extracted asymmetry amplitudes based on this method is strongly model dependent. The
comparisons above were only meant to estimate qualitatively the impact of acceptance and
smearing effects on the extracted asymmetry amplitudes. A different and more sophisticated
approach, aimed to extract a quantitative estimate of theseeffects, was subsequently adopted,
as discussed in Section 6.5.

6.5 Acceptance studies: a more sophisticated approach

The large deviations observed between the asymmetry amplitudes extracted fromgenerated
and reconstructedMonte Carlo events, suggest that the effects of the HERMES acceptance
have a substantial impact on our results. In order to avoid this problem, two alternative ap-
proaches can, in principle, be adopted: A different extraction method which is not influenced
by the HERMES acceptance and smearing, or an a-posteriori correction for these effects. The
first approach, which basically consists in a multi-dimensional unfolding of the radiative and
experimental effects, has already been intensively adopted in different analyses at HERMES
[Hil05, Mai06, Air07]. This method requires a multi-dimensional binning of the selected events.
In the present analysis, however, this method would be prohibitive due to the much lower statis-
tics available for the transversely polarized target data in combination with the relatively high
number of independent variables1. The second approach, based on an innovative method, was
then adopted, as reported in the following sections.

1The SIDIS cross section depends on six independent variables (cf. Section 3.7.4)).
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Figure 6.9:Ph⊥-weighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels)
and π− (lower panels) extracted with LS fit from the GMCT1generated events(open squares) and
reconstructed events(full triangles). The reconstructed and generated implemented asymmetries are
also shown for comparison.
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Figure 6.10:Ph⊥-weighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels)
and π− (lower panels) extracted with LS fit from the GMCT2generated events(open squares) and
reconstructed events(full triangles). The reconstructed and generated implemented asymmetries are
also shown for comparison.
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6.5.1 The idea underneath the method

This new method [Mil06] is based on two major steps. In the first step, the full kinematic
dependence of the Collins and Sivers moments onx, Q2, z andPh⊥ is extracted from the real
data through a fit based on a fully differential Probability Density Function (PDF):

f(x,Q2, z, Ph⊥, φ, φS, Pt; aC , aS, ...) =

1 + Pt ·
[
ACollins(x,Q

2, z, Ph⊥; aC) · sin(φ+ φS)+

ASivers(x,Q
2, z, Ph⊥; aS) · sin(φ− φS) + ...

]
. (6.21)

HerePt denotes the target transverse polarization andACollins(Sivers)(x,Q
2, z, Ph⊥; aC(S)) the

Collins (Sivers) asymmetry amplitudes, dependent on the four kinematic variablesx, Q2, z
andPh⊥. A set aC(S) of parameters constitute the coefficients of a four-dimensional Taylor
expansion in the four kinematic variables (see an example inthe next section).
The second step then consists in folding these parameterizations with the known Born (spin-
independent) cross sectionσBorn = σ4π

UU(x,Q2, z, Ph⊥), according to the following general
relation:

〈sin(φ± φS)〉h,4π
UT (x) =

∫
dydzdPh⊥ σ

4π
UU(x,Q2, z, Ph⊥) · ACollins(Sivers)(x,Q

2, z, Ph⊥; aC(S))∫
dydzdPh⊥σ4π

UU(x,Q2, z, Ph⊥)
.

(6.22)
In practice, the GMCTRANS events generated in4π summed over the two target spin states
are used to reproduce the Born cross section. The folding is then effectively performed using
the formulae:

〈sin(φ± φS)〉h,4π
UT (x) =

∑NMC

j=1 WMC
j · ACollins(Sivers)(x,Q

2, z, Ph⊥; aC(S))
∑NMC

j=1 WMC
j

(6.23)

and

〈Ph⊥

zM
sin(φ± φS)

〉h,4π

UT
(x) =

∑NMC

j=1 WMC
j · Ph⊥

zM
· ACollins(Sivers)(x,Q

2, z, Ph⊥; aC(S))
∑NMC

j=1 WMC
j

(6.24)

to get, respectively, the unweighted and thePh⊥-weighted Collins and Sivers moments projected
in 4π. HereWMC

j denote the Monte Carlo event-weights2 (cf. Section 6.1). If the method works
correctly, these asymmetry amplitudes should correspond to those that one would measure with
an ideal4π detector, i.e. a detector with a full coverage of the solid angle. Similar relations can
be used to project the extracted Collins and Sivers amplitudes within the HERMES acceptance
itself. In this case the spin-independent cross section within the acceptance can be obtained
from the GMCTRANS reconstructed eventssummed over the two target spin states.

2In the current versions of GMCTRANS all the event-weights are equal to 1.
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It is important to stress that this method represents a real improvement with respect to the stan-
dard method discussed in the previous sections. In this case, indeed, one does not need anymore
to rely on a model (e.g. the GMCTRANS model) for the kinematic dependence of the Collins
and Sivers moments. On the contrary, such a dependence is extracted from the real data through
a Taylor expansion, which does not imply any physical assumption. The limits of the method
are represented by the choice of the truncation of the Taylorexpansion (see Section 6.6.2), the
use of a model for the Born cross section (see Section 6.6.1) and the assumption that the kine-
matic dependence of the azimuthal moments outside the acceptance is the same as inside.
Before applying this method to the experimental data, for which no information outside the
HERMES acceptance is available, a preliminary test was done using the GMCTRANS data.
The use of the Monte Carlo, indeed, allows to test the method bychecking that the asymme-
try amplitudes extracted from thereconstructedevents and folded with the unpolarized cross
section in4π, corresponds to those extracted directly from thegenerated events. A good agree-
ment between the two would, in principle, imply that the method works correctly and can thus
be applied to the real data to make an estimate of the acceptance effects.

6.5.2 A first attempt: the 44-parameters fit

In a first attempt, the GMCTRANS reconstructed eventswere fitted by a ML fit based on a
44-parameters PDF where the Collins and Sivers kinematic dependencies are parameterized as:

ACollins(Sivers)(x,Q
2, z, Ph⊥; aC(S)) = a1 + a2 · x′ + a3 ·Q′2 + a4 · z′ + a5 · P ′h⊥+

a6 · x′2 + a7 · z′2 + a8 · P ′2h⊥ + a9 · x′ · z′+

a10 · x′ · P ′h⊥ + a11 · z′ · P ′h⊥ + a12 · x′3 + a13 · x′ · z′2+

a14 · x′2 · z′ + a15 · x′2 · P ′h⊥ + a16 · x′ · P ′2h⊥+

a17 · z′2 · P ′h⊥ + a18 · z′ · P ′2h⊥ + a19 · x′2 · P ′2h⊥+

a20 · z′2 · P ′2h⊥ + a21 · x′ · z′ · P ′h⊥ + a22 · x′2 · z′ · P ′h⊥ , (6.25)
where:

x′ = x− 〈x〉 Q′2 = Q2 − 〈Q2〉 z′ = z − 〈z〉 P ′h⊥ = Ph⊥ − 〈Ph⊥〉 .
This PDF, proposed in [Mil06], consists of a Taylor expansion of the Collins and Sivers mo-
ments performed around the average values〈x〉, 〈Q2〉, 〈z〉 and〈Ph⊥〉. Its peculiar functional
form, which includes all first order terms plus a selection ofsecond, third and fourth order
terms, was originally derived in such a way to reproduce the full kinematic dependence of the
GMC TRANS implementedCollins and Sivers asymmetry amplitudes.
As an example, the correlation matrix for the Collins set of parameters for positive pions is
shown in Figure 6.11. Except for a few cases, the correlations among the 22 parameters are
relatively small. It is worth noting that a very similar pattern is observed for the negative pions
and for Sivers case (not shown).
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Figure 6.11: Correlation matrix for the 22 Collins parameters forπ+ (GMCT2 events).

The fitted asymmetry amplitudesACollins(Sivers)(x,Q
2, z, Ph⊥; aC(S)) were then folded with the

Born cross section according to eqn. (6.23). The unweighted Collins and Sivers moments, ex-
tracted with the standard method described in Sections 6.4.3 for both thegeneratedandrecon-
structedGMCT2 events (cf. Figure 6.8), are compared in Figure 6.12 with those obtained with
the new method described above (44-parameters fit plus folding with the Born cross section).
The Collins and Sivers moments projected within the acceptance (i.e. folded with the spin-
independent cross section restricted to the HERMES acceptance) are also shown in the plots.
As expected, these amplitudes (open triangles) approach those extracted from thereconstructed
events(full triangles). Similarly, the asymmetry amplitudes folded with the spin-independent
cross section in4π (open squares) approach those extracted from thegenerated events(full
squares). This is particularly visible in the Collins moments for π+, where the largest differ-
ences between the asymmetry amplitudes extracted fromgeneratedand reconstructed events
are observed. Similar conclusions can be drawn for thePh⊥-weighted asymmetries, shown in
Figure 6.13. It is important to note, however, that the errorbars of the asymmetry amplitudes ex-
tracted with the two different methods are not comparable. While the amplitudes extracted with
the standard method are obtained by fitting the events in eachkinematic bin, those extracted
with the new method are obtained from a fit of the full event sample (the kinematic dependence
of the azimuthal amplitudes being accounted for through thefully differential PDF) and pro-
jected in the various kinematic bins afterwards, when folding with the spin-independent cross
section. As a consequence, the errors of the amplitudes extracted with the new method in the
various kinematic bins are fully correlated.
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Figure 6.12: Unweighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels) and
π− (lower panels) extracted from GMCT2 events. The amplitudes folded with thespin-independent cross
section in4π (open squares) approach those extracted from the events generatedin 4π (full squares). The
average kinematics of the bins has been slightly shifted to accommodate the foursets of results.
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Figure 6.13:Ph⊥-weighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels)
andπ− (lower panels) extracted from GMCT2 events. The amplitudes folded with thespin-indep. cross
section in4π (open squares) approach those extracted from the events generatedin 4π (full squares).
The average kinematics of the bins has been slightly shifted to accommodate the four sets of results.
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The comparison studies discussed above lead to the conclusion that the asymmetry amplitudes
extracted from the events reconstructed within the HERMES acceptance and folded with the
Born cross section reproduce, to a reasonable extent, those extracted from Monte Carlo events
in 4π. This method, thus, allows to recover most of the acceptanceeffects that affect the Collins
and Sivers moments extracted inside the HERMES acceptance.
These studies, performed at the Monte Carlo level, were meantto test the reliability of the
method before applying it to the experimental data (see nextsection).

6.5.3 Applying the method to the experimental data

The studies discussed above show that the new method introduced in Section 6.5.1 works nicely
at the Monte Carlo level. The method can therefore be safely applied to the experimental data
in order to estimate the real acceptance effects.
As a first attempt, the same 44-parameters PDF (6.25), optimized for the GMCTRANS data,
was used to fit the real data. Since, however, the asymmetry amplitudes extracted from the
reconstructedevents generated by GMCTRANS do not fully reproduce the experimental ones
(cf. Figure 6.2), the latter might be better described by a different functional form. In particular,
the 44-parameters fit does not account for the additional sine moments (cf. eqn. 5.26) that were
found to influence the fit results (especially the〈sin(φS)〉hUT moment). This point is discussed
in detail in Section 6.6.2.
Figure 6.14 shows the comparison between the Collins and Sivers moments extracted with the
standard 2-parameter ML fit (cf. Section 5.4.2) (full squares) and those obtained with the new
method in the acceptance (open triangles) and in4π (open squares). Here the GMCT2 version
of GMC TRANS was used to calculate the Born cross section for the folding procedure.
Differently from the case of GMCTRANS, only relatively small differences are observed in
the data between the asymmetry amplitudes in the acceptanceand those extrapolated in4π. A
similar result is observed for thePh⊥-weighted asymmetries for positive pions, while relatively
bigger effects are observed for the negative pions (see Figure 6.15).
Although very preliminar, this study already suggests thatthe real acceptance and smearing
effects are less dramatic than those predicted by the Monte Carlo simulation.

6.6 Testing the stability of the method

The extrapolation in4π of the experimental Collins and Sivers amplitudes, described in the
previous section, was achieved under two very specific conditions: The fit was based on the 44-
parameter PDF, optimized for the GMCTRANS model but not necessarily for the experimental
data, and the folding procedure was performed using the Born cross section derived from one
of the two versions of the GMCTRANS Monte Carlo.
To test the stability of these results, the method was applied under different conditions. In par-
ticular, a variety of PDFs were explored, based on differenttruncations of the Taylor expansion,
and three different models for the Born cross section were compared. For the latter test, which
is discussed first, the 44-parameter fit was used as a first guess.
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Figure 6.14: Unweighted Collins (upper half) and Sivers (lower half) moments for π+ (upper panels)
andπ− (lower panels) extracted from the full transverse data set (full squares). The amplitudes folded
with the spin-independent cross section in the acceptance (open triangles) and in4π (open circles) are
also shown.
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Figure 6.15:Ph⊥-weighted Collins (upper half) and Sivers (lower half) moments forπ+ (upper panels)
andπ− (lower panels) extracted from the full transverse data set (full squares). The amplitudes folded
with the spin-independent cross section in the acceptance (open triangles) and in4π (open circles) are
also shown.
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6.6.1 Three models for the Born cross section

The folding procedure is dependent on the model for the SIDISBorn cross section. In order
to test the sensibility of this procedure upon the choice of the model, the Born cross section
was extracted from three different models: the two versionsof GMC TRANS, GMCT1 and
GMCT2, which are based on different models for the Sivers function and on a different depen-
dence of〈K2

T 〉 (cf. Section 6.3), and PYTHIA.
The projected (in4π) Collins and the Sivers moments, obtained using the three different models
mentioned above, are compared in Figure 6.16. The comparison shows that the Collins ampli-
tudes folded with the Born cross section extracted from GMCT1 and GMCT2 are compatible
in all kinematic bins, while systematic deviations are observed for those based on the PYTHIA
generator. These deviations become significant in the intermediate to highz region (for both
π+ andπ−) and in the lowPh⊥ region (forπ+). No significant deviations are observed for the
Sivers amplitudes. The differences on the extracted amplitudes obtained with the three different
models for the Born cross section are regarded as a source of systematic uncertainty and are
accounted for in the evaluation of the global systematic error (see Section 6.9).

6.6.2 The choice of the PDF

So far, the 44-parameter PDF displayed in eqn. (6.25) was used, as a first guess, to fit the se-
lected events. The peculiar functional form of this PDF, which includes all first order terms
plus a selection of second, third and fourth order terms, is motivated by the fact that it allows
to reproduce satisfactorily the full kinematic dependenceof the Collins and the Sivers am-
plitudes implemented in GMCTRANS. Since, however, the asymmetry amplitudes extracted
from the GMCTRANS reconstructed eventsdo not fully reproduce the experimental ones (cf.
Figure 6.2), the latter might be better described by a different functional form based on a dif-
ferent truncation of the Taylor expansion and/or on the involvement of additional azimuthal
amplitudes besides the Collins and Sivers ones. In particular, as discussed in Section 5.5.1, the
〈sin(φS)〉hUT moment was found to significantly contribute to the Collins and Sivers fit results,
while the other three sine moments (〈sin(2φ−φS)〉hUT , 〈sin(3φ−φS)〉hUT and〈sin(2φ+φS)〉hUT )
were found to barely influence the results.
Since a virtually infinite number of possible combinations exists, only the most relevant cases
were considered, as reported in Table 6.2. These cases include the basic 2-parameters PDF,
with constant Collins and Sivers terms, the 5-parameters PDF, which, apart for the lack of the
sin(2φ + φS)〉hUT moment, corresponds to the standard 6-parameters PDF (5.26), PDFs with
Taylor expansions of increasing order (from1st to 3rd), the ’standard’ 44-parameters PDF and
a 48-parameters PDF which also includes the〈sin(φS)〉hUT moment.
Although limited to the eight scenarios listed above, the choice of the “best” PDF requires
a measure of thegoodnessof the maximum likelihood fit. Such a measure would be highly
desirable since, similarly to theχ2 in the standardχ2-fits, it would provide a powerful tool to
discriminate among the various PDFs. Only recently a general theory of goodness for unbinned
maximum likelihood fits was developed, as reported in [Raj06]. According to this theory, in
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Figure 6.16: Unweighted Collins (upper half) and Sivers (lower half) moments for π+ (upper panels)
andπ− (lower panels) extracted from the full transverse data set (full squares) and their projections in
4π obtained with three different models for the Born cross section. The average kinematics of the bins
has been slightly shifted to accommodate the three sets of results.
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# par. 〈sin(φ + φS) 〈sin(φ − φS) 〈sin(φS)

2 constant constant 0

5∗ constant constant constant

10 constant +1st order constant +1st order 0

22 constant + constant + 0
1st and2nd order 1st and2nd order

32 constant + constant + 0
1st and2nd order + 1st and2nd order +

selection of3rd order selection of3rd order

42 constant + constant + 0
1st, 2nd and3rd order 1st, 2nd and3rd order

44 constant + constant + 0
1st and2nd order + 1st and2nd order +

selection of3rd and4th order selection of3rd and4th order

48 constant + constant + constant +
1st and2nd order + 1st and2nd order + 1st and2nd order +

selection of3rd order selection of3rd order selection of3rd order

Table 6.2: The PDFs analyzed. The first column reports the number of parameters. The second, third and
fourth columns report the terms included in the Taylor expansion for each of the three relevant azimuthal
moments. The order refers to the powers of the kinematic variablesx, z andPh⊥ included in the Taylor
expansion (Q2 only appears at1st order). The same functional form holds for all the azimuthal moments
involved. * The 5-par. PDF also includes the〈sin(2φ − φS)〉 and the〈sin(3φ − φS)〉 sine moments.

order to measure the goodness of the ML fit for a set ofN independently measured quantities
xi, one should consider thelikelihood ratio

LR =
N∏

i=1

f(xi; θ)

f(xi)
(6.26)

of the theoretically predicted probability density function f(xi; θ) to that of the a-prioridata
probability density functionf(xi). Unlike the standard likelihood function, the likelihood ratio
is invariant under change of variable. This condition is necessary to allow for a measure of the
goodness of the fit [Raj06]. In addiction, since thedata probability densityf(xi) is constant
with respect to the fit parametersθ, one needs to solve the same set of equations that one gets
when maximizing the standard likelihood function (cf. eqn.(5.23)), thus resulting in the same
parameter values at the maximum.
In order to evaluate the likelihood ratioLR, one needs to evaluate the functionf(xi) at the
observed event configurationsx1, x2, ..., xN . In statistics this problem is generally solved with
the method of the Probability Density Estimators (PDE). In our contest the PDE was calculated
using an approximated version of the approach described in [Raj06]. The details of the method
are discussed in Appendix E.
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The Negative Log-Likelihood RatioNLLR ≡ −logeLR at the maximum of the likelihood
function provides a measure of the goodness of the fit. If, indeed, the functional form of the
theoretically predicted probability density functionf(x; θ), expressed in terms of the fit param-
etersθ, reproduces the a-prioridata probability density functionf(xi), one would have:

foptimal(xi; θ) ≈ f(xi) ⇒ LR ≈ 1 ⇒ NLLR ≈ 0 ; (6.27)

if, on the other hand, the PDF is not adequate to reproduce thedata, one would getNLLR 6= 0 .
In particular, the worse the PDF is, the more theNLLR would differ from zero.
In order to use this technique efficiently, one needs to compare, for each PDF, the value of
the negative log-likelihood ratio obtained in the fit of the real data, with that obtained in the
fit of a similar amount of events generated by a Monte Carlo simulation in which the same
PDF is implemented for the event generation. For the choice of the best PDF one should then
consider non only the absolute value ofNLLRData (i.e. its distance from 0), but also the
relative distance betweenNLLRData andNLLRMC . The smaller this distance is, the more
appropriate the PDF is for the description of the data.
To avoid the introduction of biases due to the use of specific models for the spin-dependent part
of the cross section, the PYTHIA generator was used to generate events (within the HERMES
acceptance) according to the spin-independent cross section. The azimuthal dependence of the
cross section, due to the target transverse polarization, was then implemented a-posteriori. To
this purpose, the azimuthal asymmetries were extracted from the experimental data for each of
the PDFs tested, and used to create two Monte Carlo data sets with opposite transverse spin
states. For instance, given a generic PDF

f(x,Q2, z, Ph⊥, φ, φS, Pt; θ) = 1 + Pt · A(x,Q2, z, Ph⊥; θ) · sin(mφ± nφS) , (6.28)

in which the asymmetryA is expressed in terms of a set of parametersθ, previously extracted
in a fit of the experimental data, the spin-up and spin-down normalized cross sections were built
up from the PYTHIA events according to:

σ↑(x,Q2, z, Ph⊥, φ, φS, Pt; θ) =
1

2

[
1 + |Pt| · A(x,Q2, z, Ph⊥; θ)

]
· sin(mφ± nφS) , (6.29)

σ↓(x,Q2, z, Ph⊥, φ, φS, Pt; θ) =
1

2

[
1 − |Pt| · A(x,Q2, z, Ph⊥; θ)

]
· sin(mφ± nφS) . (6.30)

Since, by construction,σ↑ + σ↓ = 1 ⇒ 0 < σ↑ < 1, a random number extraction between
0 and 1, modulated byσ↑, allowed to associate to each PYTHIA event the sign of the target
polarization according to the real (experimental) spin-dependent cross section. In particular the
experimental average value|Pt| = 0.73 was used (cf. Section 5.4.1).
Since the Monte Carlo events are generated on a statistic basis, one may obtain different max-
ima of the likelihood ratio for different, although statistically equivalent, Monte Carlo data sets,
all based on the same model. For this reason, for each of the PDFs tested, 48 such Monte Carlo
data sets were produced, each time resulting in a distribution of theNLLRPDF

MCj
(j = 1, 48)
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values. The mean values of such distributions,〈NLLRPDF
MC 〉, were then compared with the

corresponding values of theNLLRPDF
Data , obtained with the use of the same PDF.

As an example, the results obtained with the 44-parameters PDF are shown in Figure 6.18 for
both positive and negative pions. Here the distribution of the negative log likelihood ratios
NLLR44Par

MCj
is shown together with the corresponding value from the data, NLLR44Par

Data (blue

boxes). For the positive (negative) pions case, the distribution of NLLR44Par
MCj

is centered at

124.4 (184.4) with a RMS of 26 (22) andNLLR44Par
Data equals 47 (124). As a result, the dis-

tance between the mean value〈NLLR44Par
MC 〉 andNLLR44Par

Data is 3.0 ×RMS (2.7 ×RMS).
These numbers allow to identify the best PDF among those tested. According to this method,
indeed, the best PDF is the one which results in the smallest value forNLLRPDF

Data and in the
smallest relative distance (in RMS) betweenNLLRPDF

Data and〈NLLRPDF
MC 〉.

The results for all the PDFs tested are reported in Table 6.3 and shown in Figure 6.17. As ex-
pected, both the negative log likelihood ratios and the relative distances between Data and MC
decrease for PDFs with higher number of parameters. This trend is faster for the PDFs with a
smaller number of parameters (2 → 5 → 10), and becomes slower and slower for the those with
a larger number of parameters (10 → ... → 48). These results indicate that the more terms are
included in the Taylor expansion, the more adequate the PDF is. The improvement, however,
saturates beyond a certain number of parameters.
Although in the saturation region, an inversion of the trendis observed from 44 to 48 param-
eters for positive pions. This leads to the conclusion that,although the 48-parameters PDF
includes the〈sin(φS)〉 modulation, a higher number of parameters would be desirable. The
48-parameters PDF is anyway considered the best choice since the〈sin(φS)〉 modulation is
highly recommended to be taken into account (cf. Section 5.5.1). This conclusion is anyway
supported by the monotonically decreasing values of theNLLRPDF

Data with increasing number
of terms involved in the PDF (cf. Figure 6.17). It is important to note, however, that, although
monotonically decreasing, theNLLRPDF

Data never reaches 0. This is due to the fact that all the
PDFs used are based on a truncation of the Taylor expansion, and are thus only approximations
of the ’true’data probability density function.
As a consistency check for the method, the deviations

∆i,j =
Par(i)Data − Par(i)MCj

σPar(i)Data

(i = 1,# par. ; j = 1, 48) (6.31)

were calculated. Here the indexi spans the valuesPar(i) of the parameters of the PDF and
the indexj the 48 MC data sets. As expected, the mean valuesDiff = ∆i = 〈∆i,j〉 fluctuate
around 0 and the RMSs around 1, indicating that no significant biases are introduced in the
method. As an example, the results relative to the 48-parameters PDF are shown in Figure 6.19
for positive pions. For sake of clarity, the 16 parameters for Collins and the 16 for Sivers are
shown separately. Similar results are obtained for the negative pions and for all the other PDFs
tested.
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Positive pions

PDF (# of par.) NLLRData 〈NLLRMC〉 (RMS) ∆ [n × RMS]

2 156 382 (18) 12.8

5 150 309 (22) 7.1

10 88 196 (26) 4.1

22 62 150 (24) 3.7

32 55 139 (25) 3.4

42 49 127 (25) 3.1

44 47 124 (26) 3.0

48 44 131 (27) 3.2

Negative pions

PDF (# of par.) NLLRData 〈NLLRMC〉 (RMS) ∆ [n × RMS]

2 198 300 (19) 5.3

5 168 272 (20) 5.1

10 144 223 (23) 3.5

22 134 202 (22) 3.0

32 130 194 (23) 2.8

42 122 184 (22) 2.8

44 124 184 (22) 2.7

48 106 170 (24) 2.7

Table 6.3: The values ofNLLRData and〈NLLRMC〉 are reported, for all the PDFs tested, for positive
(upper table) and negative (lower table) pions. The last column reports the distance betweenNLLRData

and〈NLLRMC〉, expressed in units of the RMS.
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6.7 The PDFs for the five hadron types

The choice of the 48-parameters PDF was possible for the charged pions, thanks to their rela-
tively high statistics. Instead, a smaller number of terms in the Taylor expansion was required
for the convergence of the fit for the other three hadron types(π0, K+ and K−) due to their
much smaller statistics (cf. Table 5.5).
As a criterion for the choice of the corresponding PDFs, the〈sin(φS)〉 modulation was included
and the higher order terms of the Taylor expansion were reduced until the fit converged. As
a result, a 45-parameters (15 parameters × 3 moments) PDF was selected for theK+ and a
18-parameters (6 parameters × 3 moments) PDF was selected for both theK+ andπ0. In
summary, the three PDFs selected are of the form:

fh(x,Q
2, z, Ph⊥, φ, φS, Pt;α1, α2, α3) =

1 + Pt ·
[
Ah

1(x,Q
2, z, Ph⊥;α1) · sin(φ+ φS)+

Ah
2(x,Q

2, z, Ph⊥;α2) · sin(φ− φS)

Ah
3(x,Q

2, z, Ph⊥;α3) · sin(φS)
]
, (6.32)

where, for each of the three azimuthal moments (i = 1, 2, 3),:

Aπ+,π−

i (x,Q2, z, Ph⊥;αi) = ai(1) + ai(2) · x′ + ai(3) ·Q′2 + ai(4) · z′+
ai(5) · P ′h⊥ + ai(6) · x′2 + ai(7) · z′2 + ai(8) · P ′2h⊥+

ai(9) · x′ · z′ + ai(10) · x′ · P ′h⊥ + ai(11) · z′ · P ′h⊥+

ai(12) · x′3 + ai(13) · x′ · z′2 + ai(14) · x′2 · z′+

ai(15) · x′2 · P ′h⊥ + ai(16) · x′ · P ′2h⊥ , (6.33)

AK+

i (x,Q2, z, Ph⊥;αi) = ai(1) + ai(2) · x′ + ai(3) ·Q′2 + ai(4) · z′+
ai(5) · P ′h⊥ + ai(6) · x′2 + ai(7) · z′2 + ai(8) · P ′2h⊥+

ai(9) · x′ · z′ + ai(10) · x′ · P ′h⊥ + ai(11) · z′ · P ′h⊥+

ai(12) · x′3 + ai(13) · x′ · z′2 + ai(14) · x′2 · z′+

ai(15) · x′2 · P ′h⊥ , (6.34)

AK−,π0

i (x,Q2, z, Ph⊥;αi) = ai(1) + ai(2) · x′ + ai(3) ·Q′2 + ai(4) · z′+

ai(5) · P ′h⊥ + ai(6) · x′2 , (6.35)
and:

x′ = x− 〈x〉 Q′2 = Q2 − 〈Q2〉 z′ = z − 〈z〉 P ′h⊥ = Ph⊥ − 〈Ph⊥〉 .
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6.8 Correcting for the acceptance effects

The PDFs showed in the previous section were used to fit the data relative to the five hadron
types analyzed. The extracted Collins and Sivers amplitudes, expressed in terms of the corre-
sponding sets of parameters, where then folded, according to the procedure discussed in Sec-
tion 6.5.1, with the spin-independent cross section provided by the PYTHIA generator. As a
result, the Collins and Sivers amplitudes projected in4π and inside the acceptance itself were
obtained for the five hadron types.
The difference, in each kinematic bin, between the Collins and Sivers moments projected in4π
and those projected within the acceptance, was then used to correct for the acceptance effects.
The final results for the Collins and Sivers moments, presented in Chapter 7, are in fact ob-
tained by correcting for this difference the amplitudes extracted in each bin with the ’standard
6-parameters PDF’ (5.26). This correction introduces an extrapolation error which was taken
into account in the estimation of the global systematic error (cf. Section 6.9).

6.9 The contributions to the systematic error

In Section 5.5.8 a partial estimation of the systematic error affecting the extracted Collins and
Sivers amplitudes was discussed. Here three additional contributions are taken into account.
The first one accounts for the smearing effects, estimated inSection 6.4.2. The differences
between ’smeared’ and ’unsmeared’ amplitudes were regarded as a systematic error due to the
detector smearing of the event kinematics. In particular, in order to get rid of the fluctuations
observed in the lower halves of Figures 6.5 – 6.6, which are ofstatistical nature, the average
values of the differences for each kinematic variable were considered.
The second one arises from the choice of the Monte Carlo generator for the extraction of
the spin-independent cross section to be used in the foldingprocedure. As discussed in Sec-
tion 6.6.1, the spin-independent cross section was extracted with three different MC generators:
the two versions (GMCT1 and GMCT2) of GMCTRANS and PYTHIA. For the final results,
the PYTHIA generator was chosen since, unlike GMCTRANS, it also generates charged kaons
tracks. Since, however, systematic deviations were observed between the moments folded with
the three different Born cross sections (cf. Figure 6.16), a systematic error was assigned accord-
ingly.
The third contribution accounts for the uncertainty that affects the correction for the acceptance
effects (cf. Section 6.8). This uncertainty arises from theerrors of the original fit parameters.
These errors, which are of statistical nature, are propagated, through the folding procedure, to
get the errors of the projected (in4π and inside the acceptance) Collins and Sivers amplitudes.
These final errors then reflect the precision of the correction for the acceptance and are thus re-
garded as systematic errors. In particular, this uncertainty was found to represent the dominant
contribution to the total systematic error.
To summarize, the three sources of systematic errors related to the acceptance studies reported
in this chapter are:
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- Contribution due to the detector smearing

- Contribution due to the choice of the Monte Carlo generator for the extraction of the
spin-independent cross section

- Contribution due to the correction for the acceptance effects

As an example, Figures 6.20 – 6.21 show the unweighted (upperhalves) and thePh⊥-weighted
(lower halves) Collins and Sivers moments for the charged pions. In each plot the amplitudes
extracted with the standard extraction method3, not corrected for the acceptance effects, are
compared with those extracted with the 48-parameters PDF (cf. eqns. (6.32-6.33)) and folded
with the PYTHIA spin-independent cross section in4π and within the HERMES acceptance.
The yellow bands represent the systematic errors obtained adding in quadrature the three con-
tributions listed above.
The total systematic errors, to be associated to the Collins and Sivers amplitudes corrected for
the acceptance effects (see Chapter 7), was then obtained adding in quadrature all the contribu-
tions, included those reported in Section 5.5.8.

3For consistency, the 3-parameters ML fit for unweighted and 4-parameters LS fit forPh⊥-weighted amplitudes were used.
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Figure 6.20: Unweighted (upper half) andPh⊥-weighted (lower half) Collins (upper panels) and Sivers
(lower panels) amplitudes for positive pions. The full squares represent the unweighted (Ph⊥-weighted)
amplitudes extracted with a 3-par. (4-par.) fit (i.e. including also thesin(φs) modulation) based on the
standard method outlined in Chapter 5. Open triangles and open squares represent the amplitudes ex-
tracted with the 48-parameters fit and folded with the spin-independent cross section in4π and within the
acceptance, respectively. The yellow bands represent the systematic errors as estimated in Section 6.9.
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Figure 6.21: Unweighted (upper half) andPh⊥-weighted (lower half) Collins (upper panels) and Sivers
(lower panels) amplitudes for negative pions. The full squares represent the unweighted (Ph⊥-weighted)
amplitudes extracted with a 3-par. (4-par.) fit (i.e. including also thesin(φs) modulation) based on the
standard method outlined in Chapter 5. Open triangles and open squares represent the amplitudes ex-
tracted with the 48-parameters fit and folded with the spin-independent cross section in4π and within the
acceptance, respectively. The yellow bands represent the systematic errors as estimated in Section 6.9.
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Chapter 7

Results and interpretation

As discussed in Chapter 5, the Collins and Sivers moments were extracted simultaneously
through a 6-parameters maximum likelihood fit based on the PDF (5.26). The results are shown
in Figures 5.22–5.23. Similarly, thePh⊥-weighted Collins and Sivers amplitudes (not shown)
were extracted with a 7-parameters fit based on the least square method1. This fit includes the
same six azimuthal moments used for the ML fit plus a constant term. The correlations between
the extracted Collins and the Sivers amplitudes vary over thedifferent kinematic bins and are in
the order of−0.5.
In Chapter 6, an innovative method for the estimation of the effects due to the limited accep-
tance of the HERMES spectrometer was introduced. This methodallowed to fold the extracted
Collins and Sivers moments with the spin-independent cross section to get their projections in
4π and within the acceptance itself. The acceptance effects were then estimated as the differ-
ence between the amplitudes projected in4π and those projected within the acceptance (see
Figures 6.20 – 6.21).
The results of the studies presented in Chapters 5 and 6 were combined to get the final results
presented here. As discussed in Section 6.8, the final results for the Collins and Sivers moments
were obtained by correcting for the acceptance effects the amplitudes obtained with the stan-
dard extraction method. These corrected amplitudes then represent the results that one would
obtain with an ideal detector with a full coverage of the solid angle.

7.1 The Collins moments

The unweighted andPh⊥-weighted Collins moments for pions and charged kaons, corrected
for acceptance, are shown as a function ofx, z, Ph⊥, y andQ2 in Figures 7.1 and 7.2, re-
spectively. The yellow bands, obtained by adding in quadrature all the contributions discussed
in Sections 5.5.8 and 6.9, represent the total systematic errors. The amplitudes are affected
by an overall7.9% scale uncertainty, associated to the measure of the target polarization (cf.
Section 5.5.8).

1As discussed in Section 6.4.1, no implementation exists at the moment for thePh⊥-weighted asymmetries in the maximum
likelihood fit.
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Figure 7.1: Unweighted Collins amplitudes extracted from the full HERMES transverse data set with
the standard 6-parameters ML fit. The amplitudes are corrected for the acceptance effects. The yellow
bands represent the total systematic errors.
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Figure 7.2:Ph⊥-weighted Collins amplitudes extracted from the full HERMES transverse dataset with
the standard 6-parameters ML fit. The amplitudes are corrected for the acceptance effects. The yellow
bands represent the total systematic errors.
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The results show a significantly positive amplitude forπ+ and a significantly negative amplitude
for π−. Because of theu quark dominance in DIS, due to the quark charge factore2

q weight-
ing the contribution of the different quark flavours in the cross section, bothπ+ andπ− are
likely generated in the fragmentation anu quark. Thus, the Collins moments of bothπ+ and
π− receive a dominant contribution from theu quarks of the proton. As a consequence, the
different sign between the Collins amplitudes forπ+ andπ− can only arise from the different
fragmentation functions involved. While the fragmentationof anu quark into aπ+ is favoured,
since theπ+ contains a valenceu quark, the fragmentation of anu quark into aπ− is unfavored
(cf. eqns. (3.52-3.53)). The Collins amplitudes forπ− thus suggests that the unfavored Collins
function is of roughly the same magnitude of the favoured one, but with opposite sign:

H⊥,u→π−

1,unfav (z, z2k2
T ) ≈ −H⊥,u→π+

1,fav (z, z2k2
T ) . (7.1)

Since no gluon transversity can exist in a proton (cf. Section 3.2), the transversity distribution
of the sea quarks, which are produced in pairs in the gluon splitting, is expected to be small. The
increase of the Collins amplitudes with increasingx, observed for bothπ+ andπ−, can then be
interpreted as the evidence that the transversity is a pure valence object (cf. Section 3.2), and
thus dominates the highx region. Since noQ2 dependence is expected for leading-twist cross
section terms, the observedQ2 dependence of the Collins moments for the charged pions can
only be attributed to the strong correlation betweenx andQ2 (cf. Figure 5.5).
The Collins amplitude forπ0, which is consistent with zero, is in agreement with the expecta-
tions based on the Isospin Relation (cf. Section 5.6), which predicts, for theπ0, an amplitude
intermediate between those ofπ+ andπ−.
Due to theu quark dominance, one would naı̈vely expect similar Collins amplitudes for pions
and kaons. However, the amplitudes forK+ are systematically smaller that those forπ+ in the
full kinematic range, even though they are compatible within the statistical uncertainty2. This
difference might be due to the fact that, like in the case of the spin-independent fragmentation
functions, the Collins function may differ for fragmentation of au quark into aπ+ or into aK+.
On the other hand, the Collins amplitudes forπ− andK− are not expected to be similar, not
only because of a different Collins fragmentation function,but also because theK− is a purely
sea object, i.e. it contains only sea-quark flavours of the proton (̄u, s).
A phenomenological explanation of the Collins effect based on the string-fragmentation model
(cf. Section 3.7) is presented in [Art93] and illustrated inFigure 7.3. Chart (a) shows the
absorption of the virtual photon by the struck quark which reverses the quark polarization com-
ponent in the lepton scattering plane. When the string that connects the struck quark and the
nucleon remnant breaks, chart (b), a quark-antiquark pair is produced with vacuum quantum
numbersJP = 0+. Since the positive parity of this state requires aligned spins of quarks and
antiquarks, an orbital angular momentum ofL = 1 has to compensate the spins. This angular
momentum then creates a transverse momentum of the producedpseudo-scalar meson. As a
result, the outgoing meson is deflected with respect to the virtual-photon direction, indicated by
an open arrow in chart (c).

2This can be inferred from Figures 7.1, paying attention to the fact that a different vertical scale is used for pions and kaons.
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Figure 7.3: Collins effect in the string fragmentation model [Art93] for a transversely polarized nucleon
with its spin orientation in (left panels) and perpendicular (right panel) to thelepton scattering plane
(source [Els06]).

Let us now assume a positive transversity distribution function for theu quarks in the proton
(δu > 0). In this hypothesis, the spin of theu quarks are predominantly orientated parallel to the
(transverse) spin of the proton. This assumption is in agreement with all models for transversity,
e.g. with the chiral quark soliton model [Wak01, Efr05] and the light-cone quark-spectator-
diquark model [Ma02], and supported by lattice QCD calculations of the tensor charge [Aok97]
and by the recent extraction of the transversity reported in[Ans07]. If, as depicted in chart (a),
the azimuthal angle of the target spin with respect to the scattering plane is zero (φS = 0), the
spin of theu quark is reversed by the absorption of the virtual photon. The creation of add̄
pair from the vacuum then yields aπ+ meson which is deflected upwards with respect to the
plane of the page, i.e. atφ = π/2 (chart (c)). If, on the other hand, the target spin is oriented
perpendicularly to the scattering plane, as in chart (d), thenφS = π/2 and the virtual photon
does not flip the spin of theu quark. The orbital angular momentum then deflects the produced
π+ meson towards the left-hand side of the target spin, resulting inφ = 0 (chart (e)). For both
target spin orientations one hassin(φ + φS) = sin(π/2) > 0, which is in fair agreement with
the sign of the measured Collins moments for positive pions.
Relation (7.1), which allows to interpret the negative Collins amplitudes observed forπ−, is in
fair agreement with the extractions of the Collins function reported in [Vog05, Efr06, Bac07b].
These extractions are based on the Collins moments measured at the HERMES and COMPASS
experiments, and on model calculations for the trasversitydistribution function3. This interpre-
tation is also in agreement with the recent results reportedin [Ans07]. In this work, the favoured
and unfavored Collins fragmentation functions were extracted based on a global analysis of the
world data. In particular, the Collins moments measured at HERMES, with a transversely

3In particular [Bac07b] reports the first estimates of the Collins function for kaons.
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polarized hydrogen target, and at COMPASS, with a transversely polarized deuterium target
[Age07], were fitted together with the BELLE data. BELLE measured the combined effects of
two Collins mechanisms, obtained by looking at azimuthal correlations between hadrons in op-
posite jets ine+e− → h1h2X unpolarized processes [Sei06]. As a result, a positive (negative)
favoured (unfavored) Collins function was extracted. The same global analysis allowed the first
extraction of the transversity distribution foru andd quarks [Ans07]. In particular a positive
(negative) transversity distribution foru (d) quarks was obtained. The magnitude ofδu(x) was
found to be larger than that ofδd(x), and bothδu(x) andδd(x) were found to be significantly
smaller than the corresponding Soffer bound (cf. eqn. (3.34)). This result represents a milestone
in hadron physics as it constitutes the first glimpse on the last missing piece of the (transverse
momentum independent) nucleon structure at leading-twist(cf. Section 3.1)).

7.2 The Sivers moments

As displayed in eqn. (3.87), the Sivers moments can be expressed in terms of the convolution
of the Sivers function times the spin-independent fragmentation function. The importance of
measuring the Sivers moments is twofold: from one side, being the spin-independent fragmen-
tation function well know, it allows to extract the Sivers function (see Section 7.3), which is a
leading-twist unmeasured distribution function; from theother side it provides indirect infor-
mation on the quark orbital angular momentum and has been linked to the spatial distribution
of the partons inside the nucleon [Bro02, Bur02].
The unweighted andPh⊥-weighted Sivers moments for pions and charged kaons, corrected for
acceptance, are shown as a function ofx, z, Ph⊥, y andQ2 in Figures 7.4 and 7.5, respec-
tively. The yellow bands, obtained by adding in quadrature all the contributions discussed in
Sections 5.5.8 and 6.9, represent the total systematic errors. Similarly to the Collins case, the
amplitudes are affected by an overall7.9% scale uncertainty, associated to the measure of the
target polarization (cf. Section 5.5.8).
A significantly positive Sivers amplitude is observed for positive pions and kaons. This im-
portant result proves the existence of a non-zero Sivers function and, indirectly, of a non-zero
orbital angular momentum of the quarks in the nucleon.
Similarly to the case of the Collins amplitudes, theu quark dominance in DIS would lead to
the näıve expectation of similar Sivers amplitudes for pions and kaons. In contrast, a Sivers
amplitude for the positive kaons which is roughly twice as large as that for the positive pions is
observed. The difference in the spin-independent fragmentation functionsDu→π+

1 andDu→K+

1

can not account for such a large discrepancy. Therefore, since the valence content of these two
mesons differs only in the anti-quark involved, this observation suggests a significant Sivers
function for the proton sea quarks.
An amplitude consistent with zero is observed for the negative pions4 and kaons, while, as pre-
dicted by the Isospin Relation (cf. Section 5.6), an intermediate amplitude between those ofπ+

andπ− is observed for theπ0.

4An interpretation of the zero-amplitude for theπ− in discussed in Section 7.3.
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Figure 7.4: Unweighted Sivers amplitudes extracted from the full HERMES transverse data set with the
standard 6-parameters ML fit. The amplitudes are corrected for the acceptance effects. The yellow bands
represent the systematic errors.
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Figure 7.5:Ph⊥-weighted Collins amplitudes extracted from the full HERMES transverse dataset with
the standard 6-parameters ML fit. The amplitudes are corrected for the acceptance effects. The yellow
bands represent the systematic errors.
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An intuitive phenomenological interpretation of the relation between the orbital angular mo-
mentum of the quarks and the Sivers effect is based on a description of the parton distribution
functions in terms of the impact parameter~bT ≡ (bx, by) [Bur02]. In the impact parameter
space, the spin-independent distribution function can be written as:

q(x) =

∫
d2~bT q(x,~bT ) , (7.2)

where the reference point for the impact parameter is given by the sum over the transverse
positions~rT,i of all quarks, antiquarks and gluons of the nucleon, weighted by their momentum
fractionsxi:

~RT =
∑

q,q̄,g

xi ~rT,i . (7.3)

The impact parameter spin-independent distribution function q(x,~bT ) is axial symmetric for
unpolarized or longitudinally (i.e. along thez-direction) polarized nucleons. In case of trans-
versely polarized nucleon, the distribution of unpolarized quarks is distorted in the direction
perpendicular to the spin and the momentum of the nucleon. This distortion vanishes when
there is no quark orbital angular momentum parallel to the nucleon spin. Figure 7.6 shows a
model calculation of the distribution of unpolarizedu andd quarks with momentum fraction
x = 0.3 in a transversely polarized nucleon. The nucleon spin points to the right (x-direction)
and the virtual photon points into the plane of the page (negative z-axis).

Figure 7.6: Impact parameter distribution function of unpolarizedu andd quarks in a transversely polar-
ized nucleon forx = 0.3. The virtual photon points into the plane of the page (negativez-axis).

The cause of the distortion can be understood, with semi-classical arguments, as the result of
the superposition of translational and orbital motion of the quarks within the nucleon. Indeed,
when viewed in the Breit frame (see Figure 2.6), quarks with orbital angular momentum in the
transverse direction (i.e. parallel to the nucleon spin) move towards the virtual photon on one
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side of the nucleon and away from it on the other side. Therefore, the quarks on one side of
the nucleon are probed by the virtual photon at larger momentum fractions, while those on the
other side are probed at smaller momentum fractions. As a consequence, the spin-independent
distribution function is shifted towards higherx values in one side of the nucleon, and towards
smallerx values in the other side.
Since, in the valence region, the spin-independent distribution function decreases rapidly with
increasing values ofx, the decrease of the momentum on one side of the nucleon spin results
in a larger number density of quarks at this side and in a corresponding smaller number density
in the opposite side. This mechanism thus results in a distortion of the distribution function, as
shown in Figure 7.6.
As depicted in Figure 7.7, according to this semi-classicalpicture,u quarks with positive orbital
angular momentum have a higher probability to absorb the incoming virtual photon in the top
hemisphere of a transversely polarized nucleon (i.e. the left side hemisphere with respect to the
virtual photon direction). After the absorption, attractive final state interactions (FSI), arising
from the fact that the struck quark and the nucleon remnant constitute a color antisymmetric
state, bend the quark towards the center of the nucleon.

Figure 7.7: Semi-classical view of the scattering off au quark with the production of a positive pion.
Attractive final state interactions (FSI) bend the struck quark towards thecenter of the nucleon. (Sorce
[Els06]).

The outgoingπ+, generated in the fragmentation of the struck quark, is therefore observed
on the right-hand side of the nucleon spin direction, i.e.φ = π. This is consistent with the
observed positive Sivers amplitude forπ+ in the HERMES data:sin(φ−φS) = sin(π−π/2) =

sin(π/2) > 0.
In case ofπ− production, due to theu quark dominance, bothu andd quarks have to be taken
into account. Thus, the results can not be interpreted exclusively in terms of scattering off ad
quark alone, which would result in a negative Sivers moment.Our measured amplitudes, which
are consistent with zero, can then be explained as the resultof a cancelation of the contributions
from the two quark flavours in combination with the differentvalues of the favoured and the
unfavored spin-independent fragmentation functions.
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7.3 The extraction of the Sivers Polarization

The formalism of thepurities, introduced in Section 3.7.5, allows to express explicitlythe Sivers
moments in terms of the so-calledSivers polarization(cf. eqn. (3.96)):

S̃(x) ≡ f
⊥(1/2)q
1T (x)

q(x)
, (7.4)

which represents the ratio between the Sivers function (unmeasured) and the well known spin-
independent quark distribution function.
The purities used in the present analysis are based on the parameterizations of the spin-independent
distribution functionq(x,Q2) implemented in the CTEQ4LQ (lowQ2) data base [Lai97]. Tech-
nically, the LO parameterizations are obtained by fits of theexpression

F2(x,Q
2) =

∑

q

x e2
q q(x,Q

2) (7.5)

to world data onF2(x,Q
2). Owing to eqn. (2.46), the parton distributionsq(x,Q2) can be

related to the structure functionF1(x,Q
2):

F1(x,Q
2) =

1 + γ2

1 +R(x,Q2)

1

2

∑

q

e2q q(x,Q
2) . (7.6)

This allows to rewrite eqn. (3.96) in the compact form:

〈 sin(φ− φS)〉hUT ≡ −CT (z)Ci

∑

q,q̄

Ph
q (x, z)

f
⊥(1/2)q
1T (x)

q(x)
, (7.7)

whereCi = (1 +R(x,Q2))/(1 + γ2). The kinematic factor

CT (z) =
1√

1 + 〈K2
T 〉/(z2〈p2

T 〉)
, (7.8)

which originates from the Gaussian ansatz, introduces a biguncertainty since neither thez-
dependence nor the quark flavour dependence of〈K2

T 〉 are known. As a consequence this factor
is assumed to be identical for the different hadron types. Using the approximate relation

〈P 2
h⊥〉 = 〈K2

T 〉 + z2〈p2
T 〉 (7.9)

which can be found (with a different notation) in [Ans05b],CT (z) can be rewritten in the form:

CT (z) ≈ z
√

〈p2
T 〉/〈P 2

h⊥〉 . (7.10)

Therefore, since〈p2
T 〉 and〈P 2

h⊥〉 are of the same order of magnitude, it follows thatCT is of
the order ofz. This has to be taken into account in the interpretation of the Sivers polarization
extracted from unweighted Sivers moments.
Eqn. (7.7) can be expressed as a matrix equation form hadron types andn quark flavours:
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~A(xi) = −Ci · P(xi) ~Q(xi) . (7.11)

Here ~A(xi) contains the Sivers moments extracted for the various hadron types,P(xi) denotes
the so-called purity matrix, and~Q(xi) contains the Sivers polarizations for the different quark
flavours:

~A(xi) =




〈sin(φ− φS)〉h1
UT (xi)

...
〈sin(φ− φS)〉hm

UT (xi)


 , ~Q(xi) =




C̃T
f
⊥(1/2)q1
1T

q1
(xi)

...

C̃T
f
⊥(1/2)qn
1T

qn
(xi)




,

(7.12)

P(xi) =




Ph1
q1

(xi) . . . Ph1
qn

(xi)
...

. . .
...

Phm
q1

(xi) . . . Phm
qn

(xi)


 . (7.13)

Since the purities are evaluated in bins ofx, they are integrated overz. As a consequence the
symbolC̃T was used in eqn. (7.12) to denote theCT kinematic factor averaged overz.
The purities used in the present analysis were extracted through a Monte Carlo generator
called LEPTO. Similarly to PYTHIA, LEPTO generates events in 4π according to the spin-
independent (Born) cross section. LEPTO, however, has the additional advantage that the
flavours of the struck quarks are tagged and stored for each event. This allowed to separate
the generated events according to the struck quark flavourq and to the produced hadron typeh,
thus enabling the construction of the purity matrix elementsPhk

qj
. Figure 7.8 shows the purities

for the six quark flavoursu, d, s, ū, d̄, s̄ and for the five hadron typesπ+, π−, π0, K+ andK−

as a function ofx.
The Sivers polarization (7.4), multiplied by the kinematicfactorsC̃T (vector ~Q(xi)) was ob-
tained forn ≤ m by minimizing the figure-of-merit function:

χ2 = ( ~A+ Ci · P ~Q)T
Γ
−1
A ( ~A+ Ci · P ~Q) , (7.14)

whereΓA denotes the covariance matrix of the set of asymmetry moments. In the present ex-
traction of the Sivers polarization the correlations between the Sivers moments obtained for the
different hadron types were not accounted for. The covariance matrix used has therefore vanish-
ing off-diagonal elements and diagonal elements given by the squared statistical uncertainties
of the Sivers moments.
Since the Sivers moments are measured for only five hadron types, an independent extraction
of the Sivers polarization for the six quark flavoursu, d, s, ū, d̄, s̄ is not possible. Therefore,
a fully symmetric Sivers polarization was initially imposed for the sea quarks:

f
⊥(1/2)qsea

1T

qsea
≡ f

⊥(1/2)us

1T

us

=
f
⊥(1/2)ū
1T

ū
=
f
⊥(1/2)ds

1T

ds

=
f
⊥(1/2)d̄
1T

d̄
=
f
⊥(1/2)s
1T

s
=
f
⊥(1/2)s̄
1T

s̄
. (7.15)
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Hereuv anddv denote the valenceu andd quarks andus andds the seau andd quarks.
Two different combinations of quarks were considered: theFlavour Decomposition(FD), in
which the Sivers polarizations are extracted for sets of quarks and antiquarks of the same flavour

C̃T
f
⊥(1/2)u
1T

u

∣∣∣∣
FD

= C̃T
f
⊥(1/2)u
1T + f

⊥(1/2)ū
1T

u+ ū
,

C̃T
f
⊥(1/2)d
1T

d

∣∣∣∣
FD

= C̃T
f
⊥(1/2)d
1T + f

⊥(1/2)d̄
1T

d+ d̄
,

C̃T
f
⊥(1/2)s
1T

s

∣∣∣∣
FD

= C̃T
f
⊥(1/2)s
1T + f

⊥(1/2)s̄
1T

s+ s̄
≡ C̃T

f
⊥(1/2)qsea

1T

qsea
, (7.16)

and theValence Decomposition(V D), in which the Sivers polarizations are separated into con-
tributions from valence and from sea quarks:

C̃T
f
⊥(1/2)u
1T

u

∣∣∣∣
V D

= C̃T
f
⊥(1/2)u
1T − f

⊥(1/2)ū
1T

u− ū
,

C̃T
f
⊥(1/2)d
1T

d

∣∣∣∣
V D

= C̃T
f
⊥(1/2)d
1T − f

⊥(1/2)d̄
1T

d− d̄
,

C̃T
f
⊥(1/2)qsea

1T

qsea

∣∣∣∣
V D

≡ C̃T
f
⊥(1/2)qsea

1T

qsea
. (7.17)

The formalism above was derived for the extraction of the Sivers polarization from the un-
weighted Sivers moments. The same formalism holds for the extraction from thePh⊥-weighted
Sivers moments. In this case, however, one gets rid of the coefficient C̃T , which introduces a
big uncertainty due to our poor knowledge of the quark transverse momentum distribution. The
components of~Q(xi) thus represent, in this case, the bare Sivers polarizations, with no assump-
tions on the quark transverse momentum. In addition, the1-moment instead of the1/2-moment
of the Sivers function is involved (cf. eqns. (3.95))
The elements of the two purity matrices to be used for the two quark decompositions are ob-
tained from linear combinations of the standard purity matrix elements. For theflavour decom-
positionone obtains:

P̃ FD
u = Pu ·

u+ ū

u
, (7.18)

P̃ FD
d = Pd ·

d+ d̄

d
, (7.19)

P̃ FD
sea = −Pu ·

ū

u
+ Pū − Pd ·

d̄

d
+ Pd̄ + Ps + Ps̄ , (7.20)
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while for thevalence decompositionone obtains:

P̃ V D
u = Pu ·

u− ū

u
, (7.21)

P̃ V D
d = Pd ·

d− d̄

d
, (7.22)

P̃ V D
sea = Pu ·

ū

u
+ Pū + Pd ·

d̄

d
+ Pd̄ + Ps + Ps̄ . (7.23)

The derivation of the combinations above can be found in [Bec00].
The minimization of the figure-of-merit function (7.14), performed with MINUIT, was affected
by strong correlations betweenu, d andsea quarks, especially for the flavour decomposition.
As a consequence, the additional constraint of a null Siverspolarization for the sea quarks was
adopted:

f
⊥(1/2)qsea

1T

qsea
= 0 . (7.24)

Figure 7.9 shows the Sivers polarizations for the flavour andthe valence decomposition ex-
tracted from the unweighted Sivers moments corrected for the acceptance effects. The Sivers
polarization extracted from thePh⊥-weighted Sivers moments is shown in Figure 7.10. At the
present stage, no statistical correlations nor systematicuncertainties are taken into account in
the extraction. The parametrization of the Sivers functionused in [Ans05] to fit the Sivers mo-
ments extracted from the HERMES data collected during the 2002-2004 period [Dief05] are
also shown for comparison in Figure 7.10 for both the valence(blue line) and the flavour (red
line) decompositions. A similar comparison is not possiblefor the Sivers polarizations extracted
from the unweighted moments due to the unknown contributionof theC̃T factor.
A negative (positive) Sivers polarization is observed for the u (d) quarks for both the quark
decompositions although, similarly to the case of the helicity distribution function [Dur98], a
larger sensitivity is obtained for theflavour decomposition.
The average magnitude of the Sivers polarization for thed quarks is, in absolute value, roughly
twice as big as that for theu quarks. Since, however, the spin-independent distribution function,
appearing in the denominator of the Sivers polarization, isfor u quarks about twice as large as
for d quarks, the Sivers functions foru andd quarks are of similar size:

f⊥,u
1T (x) ≈ −f⊥,d

1T (x) . (7.25)

The result above is in fair agreement with previous extractions based on earlier HERMES data
and on the Gaussian ansatz (cf. Section 3.7.5) [Vog05, Ans05, Col06]. It was also proven, in a
model independent way, to be valid in the large-Nc limit of QCD [Efr06, Pob03].
According to the semi-classical picture described in Section 7.2, a negative (positive) Sivers
function would result in a net motion of the struck quark to the right (left) with respect to the
virtual photon direction if the nucleon spin is oriented perpendicular to the scattering plane
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Figure 7.9: Sivers polarizations for flavour and valence decomposition extracted from the unweighted
Sivers moments (corrected for the acceptance) under the assumption of anull sea polarization.

-0.15

-0.125

-0.1

-0.075

-0.05

-0.025

0

0.025

0.05

0 0.1 0.2 0.3

flavour

valence

u quarks

X

S
iv

er
s 

p
o

la
ri

za
ti

o
n

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.1 0.2 0.3

d quarks

X

Figure 7.10: Sivers polarizations for flavour and valence decompositionextracted from thePh⊥-
weighted Sivers moments (corrected for the acceptance) under the assumption of a null sea polarization.
Also shown are the theoretical curves obtained form the fit reported in [Ans05].
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(φS = π/2). This scenario would be compatible with a positive (negative) orbital angular
momentum for theu (d).
The relation (7.25) allows to interpret the smallness of theSivers amplitudes forπ− observed
(cf. Figure 7.4). As discussed in [Col06], combining eqn. (7.25) with the expression of the
Sivers moment (3.91) yields:

〈sin(φ− φS)〉π−UT ∝
(

4

9
D1,unfav −

1

9
D1,fav

)
, (7.26)

whereD1,fav andD1,unfav denote the spin-independentfavouredandunfavouredfragmentation
functions. AlthoughD1,unfav(z) < D1,fav(z) at anyz, due to the weighting by the square of
the quark electric charges, the effects of smallerunfavouredand largerfavouredfragmentation
functions become comparable and tend to cancel each other. As a result the Sivers moments for
π− appear consistent with zero.
Results form the COMPASS experiment [Age07], which show a Sivers effect from deuterium
target compatible with zero for both positively and negatively charged hadrons, can also be
interpreted in terms of relation (7.25). In the COMPASS experiment a solid transversely po-
larized6LiD target was used. Neglecting nuclear binding effects and using isospin symmetry
arguments, one expects for a deuterium target:

f
u/D
1T ≈ f

u/p
1T + f

u/n
1T ≈ fu

1T + fd
1T , (7.27)

and analogously ford and for the antiquarks. Therefore, the deuterium target is sensitive to the
flavour combination which is suppressed by relation (7.25),and this explains the COMPASS
results. The new results from COMPASS, obtained with a transversely polarized proton target,
are expected to exhibit non zero Sivers amplitudes. The muchhigher (with respect to HERMES)
averageQ2 would also help in confirming the leading-twist nature of theSivers (and Collins)
asymmetries.
In order to check the Sivers polarization for the sea quarks,under the assumption (7.15) of
a fully symmetric sea, the constraint (7.24) was relaxed andthe condition (7.25), which is
supported by the COMPASS results and by predictions based on the large-Nc limit of QCD
[Efr06, Pob03], was imposed. The results for unweighted andPh⊥-weighted Sivers moments
are shown in Figures 7.11 and 7.12, respectively. A significantly positive sea quarks polarization
is observed in both cases. This result is compatible with theexpectation of a large Sivers
function for the proton sea quarks, as suggested by the significantly larger Sivers moments
extracted forK+ than forπ+ (cf. Section 7.2).
A particularly interesting feature of the Sivers function concerns its universality property. This
property ensures that one deals with the same parton distribution in SIDIS and in Drell-Yan
process (DY) (cf. Section 3.6). In the case of the Sivers function (and other T-odd distributions)
the universality property takes a different form. Indeed, on the basis of time-reversal arguments,
it was predicted [Col02] thatf⊥1T have opposite sign in SIDIS and DY:

f⊥1T (x, p2
T )
∣∣
SIDIS

= −f⊥1T (x, p2
T )
∣∣
DY

. (7.28)
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Figure 7.11: Sivers polarizations for flavour and valence decompositionextracted from the unweighted
Sivers moments (corrected for the acceptance) under the assumptions (7.15) and (7.25).
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Figure 7.12: Sivers polarizations for flavour and valence decompositionextracted from thePh⊥-
weighted Sivers moments (corrected for the acceptance) under the assumptions (7.15) and (7.25). Also
shown are the theoretical curves obtained form the fit reported in [Ans05].
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The experimental check of relation (7.28) would provide a crucial test of the current under-
standing of the Sivers effect within the QCD framework and, more in general, of the single
spin asymmetries. It would also represent an important testfor the factorization approach to the
description of the non-collinear processes, i.e. sensitive to the quark transverse momentum.
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Chapter 8

Conclusions

The data collected by the HERMES experiment during the 2002-2005 period, with a trans-
versely polarized hydrogen target, was analyzed in this work to extract the so-called Collins
and Sivers moments. The extraction of these moment is of great importance since they pro-
vide information on barely known distribution and fragmentation functions. In particular, the
Collins moments can be expressed as the convolution of the transversity distribution function
times the Collins fragmentation function. The transversityis a leading-twist chiral-odd func-
tion describing the probability to find, in a transversely polarized nucleon, quarks with their
spin oriented parallel or antiparallel to the spin of the nucleon. It is one of the three fundamen-
tal parton distribution functions and, together with the momentum (spin-independent) and the
helicity distribution functions, provides a complete description of the nucleon structure at lead-
ing twist, if the transverse quark momentum is integrated over. The Collins function represents
the correlation between the transverse spin of the quarks and the transverse momentum of the
produced hadron. It can thus be viewed as a quark spin analyzer. This correlation produces left
right (azimuthal) asymmetries in the direction of the outgoing hadrons, thus providing a clear
experimental observable in semi-inclusive DIS. Transversity and Collins function, combined
together in the so-called Collins moments, are indeed accessible at HERMES in Single (trans-
verse target) Spin Asymmetries. These two quantities were recently extracted for the first time
in a global analysis of the HERMES, COMPASS and BELLE data [Ans07].
If one does not integrate over the transverse quark momentum, a variety of new (transverse mo-
mentum dependent) distribution functions arise, which contain a wide spectrum of information
on the nucleon structure. These functions, which have recently experienced a rapidly increasing
interest form both the theoretical and the experimental communities, represent a new frontier
in hadron physics. Among these functions, the Sivers function, which describes the correla-
tion between the transverse momentum of the quarks and the transverse spin of the nucleon, is
of particular importance since its existence requires a non-zero orbital angular momentum of
the quarks. This function appears in the semi-inclusive DIScross section in combination with
the known spin independent fragmentation function, generating the so-called Sivers moments.
Similarly to the Collins moments, the Sivers moments can be accessed at HERMES in Single
(transverse-target) Spin Asymmetries.
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In the present work the HERMES data was analyzed and selected according to kinematic
and geometric cuts. Particular attention was devoted to theparticle identification in order to al-
low for a correct separation between leptons and hadrons andbetween the various hadron types.
The selected semi-inclusive DIS events were used to extractthe ’unweighted’ Collins and Sivers
moments with a 6-parameters maximum likelihood fit. Similarly, the so-called ’Ph⊥-weighted’
Collins and Sivers moments were extracted in a 7-parameters least-square fit. Differently from
the unweighted moments, thePh⊥-weighted moments allow, in principle, to extract the relevant
distribution functions (transversity and Sivers function, in this case) without any assumption
(model) on the quark transverse momentum distribution. This represents a great advantage
with respect to the unweighted moments. However, Monte Carlostudies showed that thePh⊥-
weighted moments are heavily affected by acceptance effects introduced by the detector. For
this reason thePh⊥-weighted moments could not be used in previous analyses to extract the
Sivers function.
In the present work, an innovative technique was adopted to correct for the acceptance effects.
As a result the unweighted andPh⊥-weighted Collins and Sivers in4π were extracted for the
first time. Significant positive (negative) Collins moments were found forπ+ (π−), thus indi-
cating that both the transversity and the Collins function are non-zero. Similarly, significantly
positive Sivers amplitudes were observed for both positivepions and kaons. This result clearly
indicates that the Sivers function is non-zero and, indirectly, that also the quark orbital angular
momentum, which is still an unmeasured quantity, is non-zero. In particular, the amplitude for
theK+ was found to be twice as large as that for theπ+, thus suggesting a significant Sivers
function for the sea quarks.
The extraction of thePh⊥-weighted Sivers moments corrected for acceptance allowed, for the
first time, an extraction of the Sivers function free from assumptions on the quark transverse
momentum distribution. Under the assumption of a null Siverpolarization for the sea quarks, a
negative (positive) Sivers polarization was found foru (d) quarks. This result is in agreement
with the assumption of a Sivers function of opposite sign foru andd quarks, which is supported
by the COMPASS null results on the Sivers moments and by predictions based on the large-Nc

limit of QCD [Efr06, Pob03]. When this condition is imposed, together with a symmetric sea
Sivers polarization, a significantly positive sea Sivers polarization is found. This result is com-
patible with the expectation of a large Sivers function for the proton sea quarks, as suggested
by the significantly larger Sivers moments extracted forK+ than forπ+.
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Appendix A

QCD: general concepts

Quantum Chromo Dynamics (QCD) is the gauge theory of the stronginteractions, i.e. those
occurring among objects which carry color charge, such as the quarks.
The Lagrangian of QCD

LQCD =
∑

f

ψf (x)(i /D −mf )ψf (x) −
1

4
Fα

µν(x)F
µν
α (x) (A.1)

is invariant under theSU(3)C local transformations

ψf (x) → Uψf (x) ≡ eiθα(x)λα
2 ψf (x) α = 1, ..., 8 , (A.2)

whereψ(x)f are the 4-component Dirac spinors associated with each quark field of flavorf1

and massmf , λα
2

are the 8 generators of the transformation, given in terms ofthe so-called Gell-
Mann matricesλα, and θα(x) are the 8 parameters of the transformation, which are functions
of the space-time coordinatex.
SU(3)C is a group of3 × 3 unitary matrices with unit determinant. The subscript C refers to
the Color charge and 3 reflects the dimensionality of the space: 3 possible color states exist for
the quarks (red (r), blue (b) and green (g)) and, correspondingly, 3 anti-color states exist for the
antiquarks (anti-red (r), anti-blue (b) and anti-green (g)).
According to the group properties ofSU(3)C , the3 × 3 combinations of colors and anti-colors
can be combined into two multipletes of states: a color octet, made by 8 different combinations
of colors and anti-colors, such as:

rg, rb, gb, gr, br, bg,

√
1

2
(rr − gg),

√
1

3
(rr + gg − 2bb) (A.3)

and a color singlet:

√
1

3
(rr + gg + bb) . (A.4)

1f = u, d, s, c, b, t.
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Being the color singlet totally symmetric under exchange of colors, it owes a null net color
charge. As a consequence it cannot be exchanged between colored particles and thus cannot
exist as a physical mediator of the strong interaction. On the contrary, the states of the octet are
physical and correspond to the 8 gauge boson fieldsAα

µ(x) of the theory. These fields, called
gluons, act as the mediators of the strong interactions among quarks.
Similarly to the QED, the covariant derivatives

D = ∂µ − igs
λα

2
Aα

µ(x) , (A.5)

which have been introduced in eqn. (A.1) in order to ensure the local gauge invariance of the
theory, provide the gauge interactions between quarks and gluons through the termψ(i /D)ψ

of the Lagrangian. In addition, since gluons carry color (and anti-color) they can interact not
only with the quarks but also among themselves, as depicted in Figure A.1. This fact, which
represents a major difference with respect to QED, where thephotons cannot interact among
themselves since they do not carry electric charge, is a direct consequence of the fact that
SU(3)C is a non-abelian group, i.e. such that the product of two transformationseiθα(x)λα

2 and

eiθβ(x)
λβ
2 depends in general on the order in which these transformations are operated. As a

consequence the field strength tensor

Fα
µν(x) = ∂µA

α
ν (x) − ∂νA

α
µ(x) + gsf

α,β,γAµβAνγ (α, β, γ = 1, ..., 8) , (A.6)

which appears in the last term of the Lagrangian (A.1), contains an additional term which is
bilinear in the gluon fields. This term is responsible for the3-gluon and 4-gluon vertices (see
Figure A.1). The quantitiesfα,β,γ andgs, which multiply the bilinear term in eqn. (A.6), repre-
sent the structure constants of theSU(3) algebra and the strong coupling constant, respectively.

Figure A.1: The four basic gluon interactions. (a) gluon radiation by a quark, (b) splitting of a gluon in
a quark - antiquark pair, (c) splitting of a gluon in two gluons and (d) a gluonfour - vertex.

As in QED, the strength of the color interaction is measured by a coupling constant which
depends on the momentum transfer (running constant). More specifically, it can be shown that
the strong coupling constant is given to a good approximation by:

αs(|q2|) =
12π

(11Nc − 2f) ln(|q2|/Λ2
QCD)

, (A.7)

whereNc is the number of colors (Nc = 3 in QCD),f is the number of quark flavors involved
andΛQCD is the QCD scale parameter, which represents the only free parameter of the theory.
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The approximate value ofΛQCD ≈ 250 MeV has been determined experimentally by measur-
ing the strong coupling constant in a variety of processes.
While the electromagnetic coupling constantα is reduced at large distances due to the effect
of the vacuum polarization, which is responsible for ascreeningof the bare electric charge,
the strong coupling constant is reduced at short distances.Indeed, the interactions among the
gluons induces ananti-screeningof the color charge or, equivalently, an enhancement of the
color charge at large distances. This effect, which is a consequence of the non-commutativity
of SU(3)C , is responsible for the so-calledasymptotic freedom. In this regime, that corresponds
to high momentum transfers (|q|2 ≫ Λ2

QCD), the coupling constant becomes weak (αs ≪ 1)
and can be used as a perturbative expansion parameter. This is the domain of the perturbative
QCD (pQCD) in which quarks can be treated essentially as non-interacting particles. Perturba-
tive QCD is considered a relatively well established theory.It is highly predictive and reliable
in its range of validity and, similarly to QED, it is based on the Feynman-diagram approach2.
On the other hand one immediately sees from eqn. (A.7) that atlow momentum transfers the
coupling becomes large and a perturbative approach is no longer practicable. This is the regime
of confinement, where the color interaction only allows color-singlet states to exists and forces
quarks and gluons to be confined within the colorless bound states that we observe in nature:
the mesons and the baryons.

2Although it often requires the inclusion of higher order processes in order to obtain the desired accuracy.
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Appendix B

Light-cone variables

A four-vectorAµ with Cartesian contravariant components is represented as

Aµ = (A0, A1, A2, A3) = (A0, ~A). (B.1)

In the light-cone frame (cf. Figure B.1), the components ofAµ are defined as:

A± =
1√
2
(A0 ± A3). (B.2)

In these componentsAµ and its norm are written respectively as

Aµ = (A+, A−, ~A⊥). (B.3)

A2 = (A0)2 − ~A2 = 2A+A− − ~A2
⊥ (B.4)

and the scalar product of two four-vectorsAµ andBµ is

A ·B = A0B0 − ~A · ~B = A+B− + A−B+ − ~A⊥ · ~B⊥. (B.5)

Figure B.1: The light-cone axesx±
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In the Bjørken limit (Q2 → ∞, ν → ∞, x const) the four-momentum vectors of the proton and
the virtual photon can be parameterized in light-cone coordinates as:

P µ =

(
M2

2P+
, P+,~0

)
(B.6)

qµ =

(
Q2

2xP+
,−xP+,~0

)
. (B.7)

This parametrization is valid in any collinear frame, i.e.,in any frame of reference in which the
virtual photon direction is antiparallel to thex3 axis. For all collinear framesP+ is the dominant
variable in a1/Q expansion. In the infinite momentum frameP+ is of the order of Q.
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Appendix C

The optical theorem

Theoptical theorem, which is a very general law of wave scattering theory, relates the forward
scattering amplitude to the total cross section of the scatterer:

σtot =
4π

q
Imf(0) . (C.1)

Heref(0) is the forward (θCM = 0) scattering amplitude,q is the center-of-mass momentum
andσtot is the total cross section, including the elastic and the inelastic contributions.
In the framework of the deep inelastic scattering, the optical theorem relates the hadronic tensor
Wµν to the imaginary part of the forward virtual Compton scattering amplitudeT (see Figure
C.1):

Wµν ∼ Im(T µν) (C.2)

where:

T µν = i

∫
dξ4eiq·ξ〈P, S|T (Jµ(ξ)Jν(0))|P, S〉 . (C.3)

HereT () represents the time-ordered product.

Figure C.1: The optical theorem relates the hadronic tensorWµν to the imaginary part of the forward
virtual Compton scattering.

The optical theorem allows to express the three leading-twist quark distribution functionsq(x),
∆q(x) andδq(x) in terms of quark-nucleon forward amplitudes.
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Appendix D

The gauge link operator

The quark-quark correlation matrixΦ, defined in Section 3.1, relates a quark and an antiquark
at two different space-time points 0 andξ. As quark fields are colored objects, two quarks
separated by a distanceξ must have a gauge link, eg. a gluon field connecting them to become
colorless. Therefore, a path-dependent link operatorL must be inserted between the quark fields
to obtain a gauge invariant quark-quark correlatator [Boe00, Ell83]:

Φi,j(p, P, S) =
1

(2π)4

∫
dξ4eip·ξ〈P, S|ψ̄j(0)L(0, ξ)ψi(ξ)|P, S〉 . (D.1)

The gauge linkL, also known asWilson line, is a bilocal operator connecting the quark fieldsψ

in two different space-time points 0 andξ and is given by

L(0, ξ) = P exp

(
−i

√
4παs

∫ ξ

0

dsµAµ(s)

)
. (D.2)

HereP indicates the path-ordering of the integral over the gauge fieldAµ. The link operator
corresponds to the summation of all diagrams with a soft gluon exchange. Figure D.1 reports,
as an example, the handbag diagram for one-gluon exchange.

Figure D.1: The one-gluon gauge link. A soft gluon is exchanged between the quark line and the nucleon
remnant.

193



APPENDIX D. THE GAUGE LINK OPERATOR

194



Appendix E

The Probability Density Estimator

The method of the Probability Density Estimator (PDE) was used for the calculation of the
a-priori data probability density functionf(xi), to be implemented in the so-calledlikelihood
ratio (cf. eqn. (6.26)). Unlike the standard likelihood function, the latter allows for a measure
of the goodness of the fit for unbinned maximum likelihood fits.
For the implementation of this method, the same philosophy adopted in [Raj06] was used.
However, in order to substantially reduce the computation time, a multidimensional binning
was used instead of the original unbinned approach.
As a first step, all the events selected according to the standard kinematic and geometrical cuts
(cf. Section 5.3) were grouped into 28800 multidimensionalbins. The binning adopted is
summarized in Table E.1.

variable # of bins bin borders

x 5 [0.023, 0.10] ]0.10, 0.17] ]0.17, 0.25] ]0.25, 0.32] ]0.32, 0.4]
Q2 2 [1.0, 5.5] ]5.5, 10]
z 4 [0.20, 0.33] ]0.33, 0.45] ]0.45, 0.58] ]0.58, 0.7]

Ph⊥ 5 [0.05, 0.44] ]0.44, 0.83] ]0.83, 1.22] ]1.22, 1.61] ]1.61, 2.0]
φ 12 [0, π

6 ] · ·· ]11π
6 , 2π]

φS 12 [0, π
6 ] · ·· ]11π

6 , 2π]

Table E.1: Binning in the kinematic variablesx, Q2, z, Ph⊥, φ andφS used for the PDE.

For each of those multidimensional binsi ≡ (xα, Q
2
β, zγ , Ph⊥,δ, φε, φS,η) with a sufficiently

high statistics (e.g. containing more than 100 events), theasymmetries

Ai =
Y ↑i − Y ↓i
Y ↑i + Y ↓i

(E.1)

were calculated from the yieldsY ↑(↓)i of the events corresponding to each of the two target spin
states
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Y
↑(↓)
i =

N
↑(↓)
ev∑

j=1

wi,j , (E.2)

wherewi,j are the event-weights.
As a last step the a-priori Probability Density Estimator (PDE) was evaluated as:

f(xi) = 1 + Pt · Ai , (E.3)

where, as usual,Pz indicates the target polarization. This quantity has the same structure of the
PDF (cf. eqn. (6.7)) but does not depend on the fit (i.e. theoretical) parameters. In contrast,
it depends on an asymmetryAi directly extracted from the data, thus representing the a-priori
data probability density function.
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